Complex numbers and complex plane

Example 1

Write down the following numbers as the form a + bi, where a and b are real numbers

and i = —1.

(1) (3+2i) + (5—1) (2) i— (6+2i)
V3
(3) V=3x -6 (4) \/7—7
[1] Evaluate the following numbers.
(1) (4 —2i)+ (5— 2i) 2) (35 —22_z) — (2 4i)
(3) (3+2)(2 - 30) (1) 222

3—2
(5) V=5 x v=20 (6) \/\/%




— Example 2
Let Z be the conjugate of z = a + bi, i.e. Z = a — bi.
Let o, 8 be complex numbers . Then prove the followng equalities.

(1) axf=a+xj3

(2) af =ap
N
3 - )= =
) (3) 3
[2] Let a = %, where z is a complex number and z # % 1.

142
Prove that « is a real number if |z| = 1.

[3] Let f(z) = anz™ + an_12" "1 + -+ + a1 + ag, where ag, a1, - ,a, are real numbers.

Prove that the equation f(x) =0 has a root @, if « is a root of f(x) = 0.




— Example 3

Put the following complex numbers to the complex plane. ( Argand diagrams)

And write down as a polar coordinates.
(1) —1++/3i
(2) 1—1
(3) 3i

[4] Put the following complex numbers to the complex plane. ( Argand diagrams)

And write down as a polar coordinates.
(1) 2+2i

(2) —i

(3) —V3+i



— Example 4

Let 21 = ri(cosfy +isinfy) and zo = ro(cos by + isinfy)
Prove the following equalities.

(1) 2129 = 7‘17"2((308(91 + 92) —I—isin(@l + 92))
<1 1

(2) = —(cos(01 — 02) + isin(fy — 62))
22 T2

(3) (cosf +isinf)™ = cosnf + isinnd (De Moivre’s theorem)

[5] Evaluate the following expressions and write down as the polar coordinates.

(1) 2(cos T —|—isinz) X 3(cos£ + isinﬁ)

6 6 4 4
(2) (cos T isin ﬁ)‘s
(3) (—1+/3i)°

3+ 3

@ -7 Ne?



— Example 5

Let
25 =1 (¥)
(1) Solve the equation (*) by using the polar coordinates.
(2) Solve the equation (*) algebraically.
(3) Evaluate cos 72°

[6] Solve the following equations, using the polar coordinates.
(1) 22 =1 (2) 24 =-1
(3) 2% =43+ 4i

[7] Using the De Moivre’s theorem, prove that

cos 50 = 16 cos® 6 — 20 cos® § + 5cos f

[8] Prove the fullowing equalities.
cos 50 sin ”THG

(1) 1+ cos@+cos20+ -+ cosnd = —
sin 5
sin%é)sin”T'HH

0

(2) sinf +sin26 + - -- +sinnb = -
SIHE



Execises

et @« = cos — +1sin—, f(z) = 2>+ 2°+2"4+2°4+ 22+ 2+ 1, where ¢ 1s the
n] [1] L 27”"2777]0()65432 1, where i is th
imaginary unit.
(1) Using «, find the every roots of the equation f(z) = 0.
(2) Let g(z) = (2 — 1)(z* = 1)(z* = 1),
and h(z) = (23 = 1)(z% = 1)(2° - 1)
Evaluate g(a) 4+ h(«) and g(a)h(a).
Then evaluate g(«) and h(a).
[2] Using the results of [1], calculate

. 2m . Am . 6w
sm?bln—sm—

7 7

[2] Let 2 be a complex number, satisfyng 22 + % =+v3 and Re(z) >0, Im(z) > 0.
z
(1) Find the argument and the absolute value of z.
(2) Evaluate z + %

(3) Evaluate the area
of the quadrilateral OACB, whose vertices are O(0), A(z), B(%), C(z + i ) on the

complex plane.

[3] Given the triangle AABC, whose vertices are A(z1), B(z2), C(z3) on the complex plane.

And we have the condition :
(3 —4i)z1 +4izo —323=0
(1) Express z3 — 21 with z; and zs.

(2) Find the ratio of three sides AB : BC : CA of the triangle and evaluate ZBAC.



[4] Let A, B be represented by z1, and 25 on the complex plane. Suppose z1 and zo satisfying
29 = iaz; (i is the imaginary unit, a is a real number satisfying a > 0)
and |z1| + |z2| + |21 — 22| = 1.
(1) Express |z1| with a.
(2) Find the area of AOAB, using a.

(3) Let m =+/a+ %. Express the area of AOAB with m.

Vva

(4) Find the maximum of the area of AOAB, when a changes the range of a > 0.

[5] Let «r, B, v be different complex number each other, satisfying :
202 + %+ 92 — 20 — 20y =0

v—«

08—«

(2) What type of triangle is AABC, whose vertices are A, B, C.

(1) Find the value of

(3) Let a, S, v be three roots of the cubic equation
2%+ kr+20=0

where k is a real constant. Find «, 3, v and k.

[6] Let {z,} be a sequence of complex numbers, which satisfies z; = 3
and z,41 = (14+4)z, +i (n > 1).
(1) Find z,.

[

(2) Prove that 2zg,, 7 = 2572 — 1 for every positive integer m.

(3) Let P, be a point on the complex plane, defined by the complex number z,. Find the

area

of the triangle whose vertices are P,, P41, Prto.



