Equations and Inequalities

— Example 1

Solve the following equations.

(1) 3z+5=4
(2) x—2=3zx+1
3 1
3) —x+=-=1
()414-3
(1)
3r+5 = 4
3r = 4-5
3r = -1
g = 1
-3
(2)
r—2 = 3r+1
r—3zx = 14+2
—2x = 3
s = _3
N 2
3 1
Multiply by 12
9r+4 = 12
9r = 12—-4
9r = 8
. o 8
9

[1] Solve the following equations.
(1) z+1=-3z+2
2) 202z -1)=3=5

3xr—1 x+4
3 =




— Example 2

Solve the following equations.
(1) 22 =6z +5=0

(2) ar®? +br+c=0, a#0
(3) ar® + 2z +c=0, a#0

(1) If you find a factorisation, factorize the equation and solve it. It is easier.
But if you cannot find its factorisation, use the formulae (2),(3) of the roots of the quadratic equation.
2> —6x+5=0
(z—2)(z—-3)=0

r=2 3
(2) ax® +bx+c=0, (a#0)
b c b b b c b b c
2, 0 ¢ _ 2 o LAV, B by _ 0w ¢
v +ax+a 0, (@ +22ax+(2a)) (2a) +a 0, (x+2a) (Za) a
b .o b? c b ., b —4dac b b — 4ac
P = — — — J— = — =+
(@ + 2a) 402 a’ (@ + Za) 402 T 2a 4q?
x—_i—k b2 — 4ac X_—bi\/b2—4ac
T 24 2a ’ o 2a
(3) az® + 20z +c=0, (a#0)
@ kb, —2b' (20')2 —dac 20" E£\/4(b? —ac) -2+ 22 —ac -V Vb2 —ac
2a - 2a - 2a - a
_pb' + 2 _
Thbb, z—b—v: ac

(2) and (3) are the quadratic formulae. And you need use them freely.

[2] Solve the following equations.

(1) 22420 —-8=0

(2)
3)
(4) 322 +52+2=0
(5) 222 +2zx+ =0
(6) 2> —dzx+4=0
(7) —0.22% + 092 —1/1 =0
(8) V222 =26z +6v2—-4=0
[3] Solve the following equations.
(1) 2* —322+2=0
(2) 22 — (2a+ bz +a®>+ab=0
(3) (z+3)2—16=0
(4) -~

x—|—3

(4 3r— 17




— Example 3

How many different real roots do the following equations have ?
(1) 32> +4z+8=0
(2) 22 =5z +4=0
(3) 22 =62 +9=0

Discriminant :

D =b% — dac s %zb&—ac

They are the parts of the quadratic formulae.
D >0 2dif ferentrealroots
The quadratic equation has D =0 1lrealroot(doubleroot)
D <0 2dif ferentimaginaryroots

(1) 32* +424+8=0
§:22_3.8:4_24:—20<0

Then the number of different real roots of the equation is 0.
(2) 2> =52 +4=0

D=(-52?=4-1-4=25-16=9>0

Then the number of different real roots of the equation is 2.
(3) 2> —62+9=0

D

7:727.:—:
;= (3 —1.9=9-9=0

Then the number of different real roots of the equation is 1.

[4] How many different real roots do the following equations have ?
(1) 2> +182 +81 =0
(2) 22 +bx+7=0
(3) ar® + 52 —2=0



— Example 4

Let a and 3 be the two roots of the equation
ax® +br+c=0 (a#0)

Write down a + 8 and «f with using a, b, ¢

Vieta’s formulae to quadratic equations .

ar® +bx+c=0 (a+#0)has 2 roots :

a_—b+s/b2—4ac ﬁ_—b—\/b2—4ac
- 2a ’ - 2a
Then
—-b+Vb% —4ac —b—+b%>—4ac —2b b
a+ﬁ: + = =
2a 2a 2a a
and
0 f= —b+ Vb —4dac —b— Vb —4dac _ b — (b* — dac) _ dac _

2a 2a 4a? T 4a2  a

A quadratic equation, whose 2 roots are o, 3, is

2 —(a+pBr+a-3=0

[5] Let o and 3 be the two roots of the equation.
> +3x-5=0

Evaluate the following numbers.

(1) a+p (2) ap
(3) a®+ 32 4) o®+ 3
(5) (a—p)? 6) (@®+a®+1)(8+62+1)



— Example 5

Let a, 3, v be the three roots of the equation :
ar® + b +cx+d=0, (a#0)
Evaluate the following expressions with a, b, ¢, d.
1) a+B8+7
(2) af+ By +7a
(3) aby

Vieta’s formulae to cubic equation :
az® + bz +cx+d=0, (a#0)has3roots a, 3, 7, then we can factorize as

az® + bz’ + cx +d = a(z — a)(z — B)(x —~)
Then
ar® + bz’ + cx +d = az® — ala+ B+ 'y)ac2 + a(aB + By + ya)r — aafy

Comparing coefficients,

b=—ala+pB+7y), c=alaf+py+y2), d=—aaBy

Hence
b
a+p+y = —
C
af+pytra =~
d
afy = T

[6] Let a, 8, v be the three roots of the equation.
2® =227 —4=0
(1)
(2) @® + 5%+
3)
(@) (a+B) B+ +a)
[7] Let a, B, v be the three roots of the equation :

B 4+322 —x+1=0
Find the cubic equations, whose roots are the following numbers.
(1) a+1, 8+1, y+1

@) 1 1 1
a—-1 -1 ~v-1




— Example 6

Solve the followng equations in C

(1) 2> -1=0
(2) 1203+ 822 —2—1=0
3)2°-1=0

-1 =* ;
(1) 2 —1=0, (x—1)(x®*+x+1)=0, z=1, 2\/§l
3 2 2 1 1
(2) 122° 482" —z—1=0, Bz —1)(2z+1)* =0, :Z'Zg, 3
(3) z° —1=0, (z—1D(*'+2*+22+2+1)=0
We shall solve the equation z* + z*> + 22+ z+ 1 = 0.
1 1 1 1 1
Supposea:;«éOandmultiplyby—2,'wehavexQ—&—ar:—&—l—i—f—i——Q:O7 (z+=)P2+(x+>)-1=0
T T T T T
1 -1 =*
Lett:x—&—;,thentz—l—t—l:(), t:T‘/5
1 —-1=x
Thena:—i—;:T\/g, 22+ (1 £V5)z +2=0

x7—1+\/5i\/10+2\/51 —1—/5£/10 — 2V/5i
- 4 ’ 4
—14+vV5EV104+2v5i —1—+5+/10 — 2/5i

4 ' 4

Hence the roots of our equation are x = 1,

The roots of this equation are presented simply, if you use a polar system of complex numbers.

[8] Solve the followng equations in C
(1) 23 -72+6=0
(2) 22% =522 +82—3=0
3) ez +1)(z=2)=4-5-6
(4) ' — 823 + 172> =8z +1=0
[9] If the equation 23 — 322 — 122 + 3ax + 16 = 0 has a positive real root a, find a and another

roots.

[10] If the equation #® 4+ ax? + 92 + b = 0 has a root 1 — 2i, find the real coefficients a, b and

another roots of this equation.

[11] Let w be one of the imaginary roots of 2° = 1. Evaluate w? 4+ w and w®® + w?9 + w28,



— Example 7

Solve the following inequalities.
(1) bz +3 <2

2) 622 —2x—1<0

4

5

(2) 6

(3) 22+ 62 —7>0
(4) 2> +2+1<0
()

22 —6x+9<0

1
(1) bz+3<2, bHzr<-1, $<—g

1 1
(2) 622 —2—1<0, (Br+1)(2x—1)<0, —3<T<g

(3) 2°+6x—-7>0, (z+T7)(z—1)>0, z<-T,1<z

3

1 >
() 2 —6:+9<0, (z—3°Z0
As (z — 3)® = 0, the solution of the inequality is z = 3

[12] Solve the following inequalities.
(1) 6z —4>0
(2
(3
(
(
(

) —3z+9<0
)

4) 222 452 —8 >0
)
)

—2% — 4z +21>0
5) 22 —4x +4>0

6) —x?2+2x—-5>0



— Example 8

Solve the following inequalities.

(1) 23 -3z+2>0
1

2) —— >1

(2) — =

(3) 3z —3|—2lz+1] >0

(1) 2 -3z+2>0
(z—1%*@z+2)>0
r#landaz+2>0
Then 2 <ax <1, 1<z
1 >1
r—2 "
When you multiply by (denominator)2, the direction of inequality will not be changed.
As (denominator) # 0,z # 2.
Multiply by (z — 2)?,

_ 2
B2 s 9 e—2> (222  w-22a’ - dr4422—524650  (z—2)(z—3) <0

r—2 =
Then 2 <z £ 3
3) 3lz—3|—2lx+1]>0
i) When z < —1
3(z—3)—2(x+1)=20, z—1120, =11
As & < —1, there do not exit the solution in this range.
ii) When —1 < z < 3,

3(z—3)—2(—z—-1)20, Hz—-720, z=

ol

As—1§x<3,wehaveg§x<3

iii) When 3 < =z,
3(—z+3)—2(—z—-1)=20, —z+11=20, z=11
As3<z,wehave 3z <11

ol 3

<z

IIN

Hence the solution of the inequality is 11



[13] Solve the following inequalities.
(1) 2*+32> —2-3<0

3
2
2) r+1
1 2
3 <
(3) r—2 " x+3
(4) 22 +3|z| —4<0

(5) |22 -9 <z +1

> 5

[14] Solve the following systems of inequalities.

2 +2x—-3 < 0
(1) )
20 —Tx—4 > 0

@) 222043 >
—24+x+4 >



