5 Hyperbolic Functions

5.1 Hyperbolic Functions

The hyperbolic functions are defined as:

Definition

cosh means ”hyperbolic cosine”, sinh means ”hyperbolic sine” and tanh means
”hyperbolic tangent”.

We may also define as:

1
, cosechr = ——, cothz =
cosh x sinh x

sechx =
tanh z

As their names, the hyperbolic functions resemble the trigonometric functions.

The trigonometric functions are defined on the unit circle 2 + 3% =1 as:
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In the diagram above, let A be the point whose coordinates are (1,0), and let

P be a point on the circle 2% + y? = 1 such that ZPOA = 6.

( or we may say that let P be a point on the circle 22 + y? = 1 such that the
1

area of the sector OPA is 59)

Then we define cos 6 as the z-coordinate of the point P
and sin # as the y-coordinate of the point P.



The hyperbolic functions are defined on the hyperbolic function 22 —y% = 1
as:

In the diagram above, let P be a point on the hyperbolic curve 22 —y? = 1 such
that the area of the region surrounded by the segment OP, the z-axis and the

1
curve 22 = y? = 11is 50.

Then we define coshf as the z-coordinate of the point P and sinhf as the
y-coordinate of the point P.

Since the trigonometric functions are based on the circle 22 + y2 =1,
cos? 4 sin?f = 1

And the hyperbolic functions are based on the hyperbolic function 2 — y? = 1,
then
cosh? — sinh? 0 = 1

Based on these formulae, the formulae about hyperbolic functions resemblethe
formulae about trigonometric functions except their signs.



5.2
@
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The graphical representations of Hyperbolic Functions

e’ +e7 "
y =coshz = ere”
2
From the graphical representations of the curves y = ¢® and y = e¢™7%, we
cam sketch the curve of y = cosh .
Let A and B be points on the curves y = e and y = e~ * respectively

whose z-coordinate are the same. Let P be the midpoint of the segment
AB, then the loci of the point P is the curve y = cosh z.

Since
e v 4 e”
cosh(—z) = —5 = cosh z,
the function cosh x is an even function.

(Its graphical representation is symmetry with respect to the y-axis.)

e
=sinhe = ——

Y 2

Let A and B be points on the curves y = e and y = —e~* respectively

whose z-coordinate are the same. Let P be the midpoint of the segment

AB, then the loci of the point P is the curve y = sinh x.

x

Since

sinh(—z) = =— = —sinhz,

the function sinh z is an odd function.
(Its graphical representation is symmetry with respect to the origin O.)
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et —e™ "
y =tanhy = ——
et + e *
Since
r _ ,—x
lim tanhx = lim £ -°
T—00 rz—o0 €T 4+ e~ %
1— 672‘%
= lim ———
z—o0 1 + e—2x
=1
and
et —e "
lim tanhz = lim ——
T——00 z——o0 e 4+ e 7
e —1
= lim ——
z——o0 €2 4 1
=-1
the lines y = 1 and y = —1 are asymptotes of the curve y = tanh x.
e~ _ et et — e
tanh(—z) = —— = — = —tanhx
e—L + eL e(E _l’_ e—l

Then tanh z is an odd function.
(Tts graphical representation is symmetry with respect to the origin O.)
As

tanh x is strictly increasing.



************************* y = tanhx




5.3 Formulae about Hyperbolic Functions

As the trigonometric functions,there are similar formulae for the hyperbolic
functions.
The formulae 1 are the basic ones.

Formulae 1
cosh? —sinh? =1,

1
1 —tanh?®z = ol =sech?z
cosh” z

Proof

T —z\ 2 xr __ - 2
cosh? — sinh? = cte (€ ¢
2 2

(e2z + 2 + 6721) _ (€2$ —92 + 6729:)

4
4
4
=1
.hg
1—tanh2x:1—w
cosh” x

cosh? x — sinh? z

cosh? x
1

cosh? x

The formulae 2 look like the addition formulae and double angle formulae
for trigonometric ones.

s Formulae 2 ~

sinh(z + y) = sinh « cosh y + cosh x sinh y
cosh(z + y) = cosh z coshy + sinh z sinh y

sinh 2z = 2sinh x cosh z

cosh 22 = cosh® z + sinh? 2z = 1 + 2sinh? z = 2cosh®z — 1




Proof

sinh ¢ cosh y + cosh x sinh y
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= sinh(x + y)

cosh x cosh y + cosh x cosh y
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2
= cosh(z + y)
sinh2z = sinh(z 4 2)

sinh x cosh  + cosh x sinh x
= 2sinhxcoshz

cosh2z = cosh(z + x) = cosh® z + sinh? z
(1 +sinh® z) + sinh® z = 1 4 2sinh? =
= 1+2(cosh’®z —1) =2cosh?z — 1

From formulae about cosh 2z, we can deduce the formulae:

Formulae 3

cosh2x +1

hWlg=_——""""1"
cosh” x 5

cosh2xr — 1

31 h2 = —-—
sinh® x 5

Looks like the half angle formulae for the trigonometric functions.



5.4 Inverse Hyperbolic Functions

Since hyperbolic functions are defined by the exponential functions, its inverse
functions are defined by the inverse function of exponential functions: logarith-
mic functions.

~ Inverse hyperbolic functions ~
arcoshz = log(z +vz2 —1) (x >1)
arsinhz = log(x + Va2 +1)

1 1+=z
tanhz = =1 1
artanh 5 Og(l—x) (lz] < 1)
N
Proof
Let y = arcosh z, then x = coshy.
e¥+eY
r=———
2

20 =eY +e7Y

e —2zeY+1=0

Then
ey =x+V22-1
Since y > 0,
ey =x+Vz2 -1
Then
y=In(z++vz2-1)
Hence

arcoshz = In(z + Va2 — 1) (x>1)

We leave another two inverse functions as an exercise:

Exercise:

1 1
Show that arsinhz = In(x + v22 + 1) and artanhz = 3 In <1 + x>
-z




5.5 Differentiation and Integration of Hyperbolic Func-

tions
- Differentiation of hyperbolic functions ~
d—(cosh x) = sinhz
x
d—(sinh x) = coshx
x
—(tanhz) = = sech? z
dx ( ) cosh? z
- J
Proof
d d (e +e™ "
Z (coshz) = — ("=
dz (cosh.z) dz < 2 )
et —e”
2
=sinhz
d d (e*—e™ "
2 (sinhz) = — [ —%
dx(bm z) dz ( 2 )
e te®
2
= coshx
d d (sinhzx
el hz) = —
dm(tan z) dx (COSh:L’)

_ (sinhz)’ coshz — sinh z:(coshz)’

cosh? z
2 .12
cosh” z — sinh” x

N cosh? x
B 1

cosh? z




- Differentiation of inverse hyperbolic functions

d 1
@(arcosh x) = o
d 1
—(arsinhz) = ——
2 ) Va2 +1
d 1
a(artanh x) = a2
.
Proof
Let y = arcosh z, then « = cosh y.
Then
d 1
%(arcosh x) = (di)
dy
1
~ sinhy
_ 1
Vecosh?y — 1
B 1
RV

Alternative proof:

d d
—_ [ 2 _
(arcosh z) (log(x + V2?2 —1))

1 2x
[ —— 1+7
z4+vVz? -1 < 2\/552—1)
1 Vi —-14z

x+\/x2—1. Vaz =1
1

2 —1

Exercise:

d 1 d
Show that — (arsinh ) = ———= and — (artanhz) =

dz 22 + 1 dx 1—a2



- Integration formulae 1 ~
/coshx dr = sinhz+C
/ sinhz dr = coshz+C

/tanhx dr = log(coshz)+ C
- J

From the differentiation formulae we can deduce these integration formulae.

- Integration formulae 2 ~
1 1
/7a2 g dr = - arctan (g) +C (x| <a)
1 1 z 1 a+x
/m de = p artanh (5) +C= % log o (|| < a)

= arcsin

+C
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1
— dx +C =log(x +vVz2+a?)+C
/\/:(:2+a2 &l )
= arcosh

/\/%dx +C=log(z+Vva?—a?®)+C (z>a)
2 —a
N J

When you differentiate the right hand side of each formula, you will get the
function of left hand side.

When you integrate directly such functions, for example, if you find the term
2% 4+ a? in your function, you will try to use substitution = atan 6.

1
For example we shall calculate the integration / — dx.
p g a2

Substitute £ = atan ¥,

dx a adf

do ~ cos26’ T 020



Therefore

/ 1 do — / 1 adf
N Va0 5 a? cos?f
B / 1 adf
) avtan20 + 1 cos?6

B / 1 do
N /1 cos?20
cos? 6
cos
= | —— db
/00829

0
:/7“’? —
1—sin“ 6

du du
i cosf, df = p—

/ cos dH—/ cos du
1 —sin?0 ") 1—u? cosh

1
:/mdu
1 1 1
e — d
2/<1—|—u+1—u> "

1
§log|1+u|—log|1—u|+C

Sunstitute u = sin 6,

Then

1 1+u
=-1 C
2 Og’l—u M
1 1+4sinf
2°g’1—sine‘+
From z = atan6,
1 1 2
cos? 0 = 5 = > = a4
l+tan®f 1+ %3 2 + a?




Then

cosf 1 1+sinf
_CY g — Z1og |20 4
/l—sin29 28 1—sin9‘+
1 14+ ==
zilog _7ar21+a2 +C
VT
1 Vaz+a?2+x
=-log|—|+C
2 Va2 +a2 -z
1 2 2 2
S O G i e o ol DS
2 a?
V2 L g2
= log vritatw +C
a

=log(vz?2 +a? +x) —loga+ C
= log(z + Va2 +a%) +C

as C is an arbitrary constant.

2

If you find the term a? — 22 in your function, you will try substitution z = asin 6.

1
For calculate the integral /7 dx,
& Va2 — 22

Sunstitute = asinf,

Z—;:acose, dx = acosf df
Then
/\/ﬁdm:/macosedﬂ
_ acosf o
ay/1—sin®6
acos a0

) aveos?o
:/dH
=0+C
= arcsin (f) +C

a



5.6 Hyperbolic Functions vs Trigonometric Functions

When we use complex variables, we shall find the similarities between hyper-
bolic functions and trigonometric functions.

From the Euler’s formulae:

e =cosx +isinx

e " =cosx —isinz

Then we have 1
cosx = 5(6” + e
and )
sing = — (e — e
5 ( )
From this result, we shall define the trigonometric functions of a complex vari-
ables as:

Definition
iz e—z’Z)

1, . . 1
— Z(pi% —iz d . -
Cos 2 2(6 +e ") and sinz 22‘(e

where z is a complex number.

These cos z and sin z satisfy the formulae about the real variable trigonometric
functions, as well as the formulae about the differentiation and the integration.

Example 1

Show that
cos(iz) = coshz and sin(iz) =isinhz

Answer:

1, .. o 1
cos(ix) = 5(6’(”) + ey = 5(679” +¢€") =coshx

and

1 . . 1 . . 1
sin(iz) = 5(61(“) — ey = ?(G_L —e%) = —=sinhz = isinhx
i i i



We define the hyperbolic functions of a complex variables as:

Definition

1 1
coshz = 5(62 +e7?) and sinhz= 5(62 —e )

where z is a complex number.

Example 2
Show that
cosh(iz) = cosz and sinh(iz) =isinx
Answer
, 1. i
cosh(iz) = i(e” +e ") =cosz
and
h()_l(zm —iz)_- 1(ix —m)_
sinh(iz) = (e e =i-5-(e e =isinz

Example 3
Show that
cos(zx + iy) = cosx coshy — isinx sinhy
sin(z + 4y) = sinx coshy + i cos x sinh y
Answer

cos(z + 1y) = cos z cos(iy) — sin x sin(iy)
= cosz cosh y — sin z(isinh y)
= cosz coshy —isinzsinhy

sin(x + iy) = sinx cos(iy) + cos x sin(iy)
= sin x coshy + cos (i sinh y)

= sinx coshy + ¢ cos x sinh y

In this example 3, if you put z = 0, you will find the result of the example
1.



Exercise

[1] Show that the following formulae:

. tanh x 4 tanh y
tanh =
() tanh(z +y) 1+ tanh x tanh y
2tanh
(ii) tanh2zx = Lﬁ
1+ tanh”z

(iif) cosh3z = —3coshz + 4 cosh®
(iv) sinh3z = 3sinhz + 4sinh® z

[2] Show, by using substitution z = asinhu, that the integration formula

/ﬁ — = arsinh (g) +C

[3] Solve the equation
4coshx +sinhx =8

giving your answer as natural logarithms.

[4] (i) Starting from the definitions of coshx and sinhz in terms of expo-
nentials, prove that

cosh2z = 1 + 2sinh?
(ii) Solve the equation
cosh2z — 3sinhz =15

giving your answers as exact logarithms.

[5] (i) Find the values of a, b and ¢ such that
4o 4 +17=a(z +b)* + ¢

(ii) Find the exact value of

2 ]_ d
/_ 12 +dz+17

1
2



f(z) =5coshx — 4sinhz

1
(i) Show that f(x) = i(em +9e™%).
(ii) Solve the equation f(x) =15
(iii) Show that

/11’13 1 T
—'dx: _—
11n3 Dcoshz —4sinx 18

2

Given that y = sinh™ ! z cosh z.

d
(i) Show that d—y = (n—1)sinh" %z + nsinh" .
x

I, is defined by
arsinh 1
In:/ sinh"zdx for n>0
0

(ii) Using the result in part (i); or otherwise, show that
nl, =2 —(n—1)1,_s, (n>2)

(iii) Hence find the value of I4.

In this question, you may use without proof the results

4cosh®y —3coshy = cosh3y and arcoshy = In(y + /32 — 1)

1
Show that the equation 2®—3a?z = 2a> cosh T is satisfied by 2a cosh <3T)

and hence that, if ¢ > b > 0, one of the roots of the equation x® — 3bx =
b

2¢ is u + —, where u = (¢ + V@ — b3)3.
u

Show that the other two roots of the equation x> — 3bz = 2¢ are the roots
2

b b
of the quadratic equation 2 + (u+ =)z 4+ u® + — —b =0, and find these
u u

roots in terms of u, b and w, where w = 5(—1 +iV3).

Solve completely the equation x® — 62 = 6.



[9] The denite integrals T, U, V and X are dened by

1 In3
2 artanht u
T = — dt U= - du
1 t me 2sinhwu
s 1 13
2 Inw 2
V=- —— dv X = In(coth z) dx
11— rU2 % In2

Show, without evaluating any of them, that T, U, V and X are all equal.

[10] In this question, a is a positive constant.

(i) Express cosha in terms of exponentials.
By using partial fractions, prove that

/1 1 a
5 dr = —
o T2+ 2zxcosha+1 2sinha

(ii) Find, expressing your answers in terms of hyperbolic functions,

x
1 2?2+ 2zsinha—1

and

/OO 1
dx
0 1’4 + 2:172 cosha +1

[11] Show, by finding R and -, that Asinhz + B coshx can be written in the
form Rcosh(xz 4+ ) if B > A > 0. Determine the corresponding forms in
the other cases that arise, for A > 0, according to the value of B.
Two curves have equations y = sechx and y = a tanhx + b, where a > 0.

(i) In the case b > a, show that if the curves intersect then the z-
coordinates of the points of intersection can be written in the form

1 a
+ arcosh (m) — artanh E

(ii) Find the corresponding result in the case a > b > 0.

(iii) Find necessary and sufficient conditions on a and b for the curves to
intersect at two distinct points.

(iv) Find necessary and sufficient conditions on a and b for the curves
to touch and, given that they touch, express the y-coordinate of the
point of contact in terms of a.



