The First Order Linear Ordinary Differential Equations

Y + Plx)y = Qx)

I. When Q(z) =0

Our equation is as

y + P(x)y=0

dy

7 __p

Ir (z)y
Then

dy

— = —P(x)dz

) (2)

which is a separable differential equation.
Integrate both sides of the equation;

B _ —/P(m)dx

y
Then

Inly| = —F(z) + C4

ly| = e~ FlITE
y = +eCre @)
Y= CeF(@) (%)

II. When Q(z) #0
Suppose that C = H(x) in (%), then

y=H(z)e '@



When we can find the function H(x), we can determine our function y.
H(z) =@y
Differentiate this:
H'(z) = F' @y 4 @ F/ (2)y
Since F'(z) = P(x),
H'(z) = "Dy + " Pa)y = "y + P(a)y)
From our differential equation 3’ + P(x)y = Q(x),
H'(x) = "9Q(x)

Hence

H(x)= /eF(w)Q(x) dx
And therefore

y=e F@ /eF(m)Q(x) dx

III. Summary

For obtaining H'(z), we multiply the both sides of the differential equation
by ef'(®) which is called the integrating factor.

And integrating both sides, we can find the function H(z),
hence our solution y of the differential equation:

Y + P(x)y = Q(x)

Let F(z) = /P(m) dz, then the integrating factor is e’ (#).

Multiply both sides of the differential equation by this integrating factor,
F@y 4 O Pla)y = T OQ(a)
eF(x)y/ + (eF(x))/y _ eF(m)Q(I)

Then

d

(D) = FOQ)

Integrating both sides of this equation,

ef@y = /eF(I)Q(x) dx



Hence

y=eF@ /eF(“’)Q(x) dx

Example
Find the general solution of

Yy + 2y =5sinx

F(z) = /de =2

Then the integrating factor is e2* Multiply both sides of the differential equation
by this integrating factor,

e*™y + 2ye?® = 5e*” sinx

d 2x 2

o (e*"y) = 5e* sinx
Integrating both sides of this equation,

2Ty = /562”7 sinx dx
Let H(z) = /56296 sin z dz, then integrating by parts (twice),

H@) = / €2 (5 sin &) dz

1 1
= 562”‘(5 sinx) — 5629”(5 cos z)dx

5 51 1
ge% sinx — 3 (5625” cosT — / 56230(— sin x)d;v)
= Zezx(2 sinxz — cosx) — 1 e** (5sinx)dx

5
= 162””(2 sinz — cosz) — ZH(.’L‘)

Then

5 5 2x :

ZH(QZ) =7¢ (2sinz — cosz) + Cy
Therefore

H(z) = **(2sinx — cosx) + C



Hence
e*y = **(2sinx — cosz) + C

y=—cosz + 2sinz + Ce™2*



Exercise

[1] Solve the following ODE of order 1.

(v) 2y +y==xsinx (z>0)

[2] The differential equation

2 dy

coS T
3zy®—= —
Y dx

+2y° =

is to be solved for > 0. Use the substitution u = y> to find the general
solution for y in terms of x.

[3] (i) Find the general solution of the differential equation

expressing y in terms of x in your answer.

. o 2 1
In a particular case, it is given that y = — when x = vk
™

(ii) Find the solution of the differential equation in this case.

(iii) Write down a function to which y approximates when x is large and
positive.



[4] (i) Show that the substitutionz = y~2 transforms the differential equa-
tion

d
% + 2xy = xeﬂﬁy3 (%)

into the differential equation

d
ﬁ —daz = 2z s ()

(ii) Solve differential equation (**) to find z as a function of z.

(iii) Hence find the general solution of differential equation (*), giving
your answer in the form y? = f(x).

[5] (i) Show that the substitutionv = y~3 transforms the differential equa-
tion

dy 4.4
—A (X
vty = Aty ()

into the differential equation

dv  3v
— 2 — _6a° Co(FE
dx T v %)

(ii) By solving differential equation (**), find the general solution of

differential equation (*) in the form y® = f(z).

[6] Given that P(z) = Q(z)R'(z) — Q' (x)R(z), write down an expression for

P(x)
—— = dx
/ (Q(x))?
(i) By choosing the function R(z) to be of the form a + bz + cz?, nd
/ S5x? —4x — 3
— > dx
(1+ 2z + 322)2
Show that the choice of R(z) is not unique and, by comparing the two

functions R(z) corresponding to two different values of a , explain
how the different choices are related.

(ii) Find the general solution of

d
(1+Cosx+251nx)d—y—i—(sinx—?cosx)y =5—-3cosz+4sinz
x



