The 2nd order Linear Ordinary Differential Equations with con-
stant coefficients

dy  dy
I. When R(z) = 0: homogeneous

d?y dy
P Qu=0 (1)

The solution of this equation (1) is called the complementary function and
written as

Yor = Y1 + Y2

where y; and ys are independent functions.
For finding y; and ys, suppose that y = Ae™*, then

dy dQZU 2
Ir mAe™?, 722 m*Ae

Substitute to (1)
m2Ae™ + PmAe™ + QAe™* =0

Ae™ (m? + Pm+Q) =0

Hence
m> 4+ Pm+Q=0 ---(2)
which is called the auxiliary equation of (1).

1) When the auxiliary equation (2) has two different roots m =
mi, M ="My
The independent functions are

y1 = Ae™? and yp = Be™?*
Then the complementary function is
Yyor = Y1 + Y2 = Ae"™ 4 Be™**

2) When the auxiliary equation (2) has one root (double roots) m =
mi
The independent functions are

y1 = Ae™® and yo = Bxe™?®



Then the complementary function is

Yyor = Y1 + y2 = Ae™”* + Bxe™?”

When the auxiliary equation (2) has two imaginary roots m = a + ib and
m = a — b, we may write down as

Yor =Y1 T Y2
— Cle(a+ib)z 4 02€(a—ib)fc
— Cleaxeibx + C2ea;ce—ibm
— eam(cleibw + CZe—ibw)
= e (Cy(cosbx + isinbx) + Cy(cosbx — isinbr))
= e ((Cy + C3) cosbx + i(Cy — Cy) sin bx)
= e (Acosbx + Bsinbzx)

Ycr = Y1 + y2 = e**(Acos bx + B sin bx)



II. When R(z) # 0: inhomogeneous

d?y dy
- J . p -
oz TPt Qy = R(x)

The general solution of this equation is written as
Y =YcF +YpPr

where yco g is the complementary function of the homogeneous equation and yp;
is the particular integral.

For finding the particular integral yp;, we shall try

R(z) ypI
R(I) =k ypr = C
R(x) =azx+b ypr =Cx+ D
R(z) = az®* + bx + ¢ ypr = Cz? + Dz + FE
R(z) = ksinax or R(x) = kcosaz | ypr = C cosax + Dsinax
R(z) = ke ypr = Ce®”

Example
Find the particular integral of

y" + 3y’ + 2y = 3sin 2z

Suppose that y = C cos 2z + D sin 2z, then

4 j—

y = —2C'sin 2z + 2D cos 2x

Yy’ = —4C cos 2x — 4D sin 2z
Then

(—4C cos 22—4D sin 2x)+3(—2C sin 22+2D cos 2x)+2(C cos 22+ D sin 2x) = 3sin 2z
(=2C 4+ 6D) cos 2x + (—6C — 2D) sin 2z = 3sin 2z

Comparing the coefficients.
-2C+6D =0, —-6C—-2D=3

9 3
=2 D=-2
¢ 20’ 20

Hence the particular integral is

9 3
Yypr = 30 cos 2x — 2 sin 2z



Example
Fine the general solution of

y' +3y +2y=e"
Solving the auxiliary equation
m? +3m+2=0
we have
(m+1)(m+2)=0
m=—-—1 or m=-2
Then the complimentary function is

yor = Ae”% + Be™2*

xT x

Since Ae™? is included in the C.F. we cannot use y = Ce™
integral.

Then we suppose that yp; = Czre™™.

as the particular

y=Cxe™ ™, oy =Ce "—Crxe ™, y"'=-Ce*"—(Ce"—Cre ®)=-2Ce"+Czxe "

Then
(—2Ce™ + Cze ™)+ 3(Ce™ — Cxe ™) +2Cze ™" ="

Ce ="

Comparing the coefficient, we have
C=1

Hence the particular integral is
ypr = xe

Hence the general solution is

y=ycr +ypr = Ae " + Be 2 4 g



Exercise

[1] Find the general solution of the following differential equations.
(i) y" =2y’ =3y =6
(ii) y"” 4+ 5y’ + 6y = 2x
(iil) y" + 2y’ +y = cos 3z
)

(iv) v’ + 4y + by = 2e2®

[2] (i) Find the general solution of the differential equation

Py dy
—2 4+ 22 4+ 10y =27 "
dx? + dx + 10 €

d
(ii) Find the particular solution that satisfies y = 0 and d—y = 0 when
x
z=0.

[3] (i) Find the general solution of the differential equation

Py dy .

2 —Z—dx —3y =2sinz < (%)
o s dy
(ii) Given that y = 0 and T 1 when z = 0.

x
Find the particular solution of differential equation (*).

[4] (i) Find the general solution of the differential equation

d? d
d
ii) Given that y =0 and Y — 0 when z = 0.
d

x
Find the particular solution of differential equation (*).



[5] Show that, if y = e®, then

Py dy
—1N—= — = =0 Lo (E
In order to find other solution of this differential equation, now let y = ue®,
where u is a function of x. By substituting this into (*), show that
du du

(x—l)w—k(x—Q)%:o (R

d
By setting M vin (**) and solving the resulting first order differential

equation for v, find w in termsof x. Hence show that y = Axz+ Be® satisfies
(*), where A and B are any constants.

[6] (i) Find functions a(x) and b(z) such that v = z and u = e~* both
satisfy the equation,

d*u du
2 + a(x)% +b(x)u=0

For these functions a(x) and b(z), write down the general solution
of the equation.

1 du
Show that the substitution y = 30 de transforms the equation

u dx
dy 9 x 1
—+3 = S(*
dm+ Y +1—|-az:y 3(1+x) ®)

into

d2u+ r du 1
dz?2  14+zdr 1+

and hence show that the solution of equation (*) that satisfies y =0
1—e7"

3(z+e®)

(ii) Find the solution of the equation

at x = 0 is given by y =

dy 9 x 1
dm+y +1—a:y_1—x

that satisfies y =2 at x = 0.



