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Let r be a positive real number. In the complex plane, the locus of z is the
3
circle whose centre is the point 5 and the radius is r. Find the locus w such

that

24w =zw

- J

The equation of z is

o= Sl=r (9

From the equation z + w = zw,

w
2= —
w—1
Substitute this in (*).
w 3’_
w—1 21 "
‘2w—3(w—1)‘
=r
2(w—1)
—w+3)‘
=r
2(w—1)
| —w+ 3| =2rjw—1| or |lw — 3| = 2r|w — 1]
1
Wh =-
enr=c,
lw—3| =|w—1]

The locus of w is the perpendicular bisector of the segment joining the point 1 and
the point 3.

When r # L
nr -
27
lw — 3% = 4r?|w — 1|2
(w—3) (W — 3) = 4r’(w — 1)(w — 1)

W — 3w — 3w + 9 = 4r?(ww — w — W+ 1)



(4r* — Dww — (4r* —=3)w — (4r? = 3T+ 4 —9 =0

42 -3 AP —3_  4rP-9

w - =0
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(7 4r? — 3> 42 =3 4r*—9 0
wl\w — — w =
4r2 — 1 4r2 — 1 4r2 — 1

w(w_4r2—3> _47‘2—3(w_4r2—3) B <4r2—3)2+4r2—9 0

42-1) 421 442 =1 42-1) Tmro1
( 42 — 3) (7 42 — 3> 1612
w————]|Ww— =
4r2 — 1 4r2 — 1 (4r2 —1)2
’ 4r? — 32 1672
w — =

2 =11 (@2 —1)?

‘ Ar? — 3) _ 4Ar
T 1 T e
o : . 4r? -3 o
The locus of w is a circle whose centre is the point 71 and the radius is
r< —
4r
|4r2 — 1|
Conclusion:

The locus of w is

1
e When r = ok the perpendicular bisector of the segment joining 1 and 3.

2

1 4r
e When r # 3 the circle whose centre is the point 21 and the radius is
r2 —
4r

|472 — 1]
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2
Let o« = —.
et o -

(1) Show that cos4a = cos 3a.

(2) Given that f(x) = 823 + 422 — 4z — 1. Show that f(cosa) = 0.

(3) Show that cos« is an irrational number.

N J
(1)
cos 4o = cos o _ cos(m + z) = —cos~
7 7 7
cos 3a = COS o _ cos(m — E) S——
7 7 7

Hence cos 4o = cos 3a.
(2) From cos4a = cos 3a,
2cos? 200 — 1 = 4cos® a — 3cos a
2(2cos’a — 1)? =1 =4cos®a — 3cosa
8costaw —4cos*a —8cos? a4+ 3cosa+1 =0

(cosa —1)(8cos® v+ 4cos®> « —4cosar — 1) = 0
Since cos o = (:0577T # 1, cosa — 1 # 0. Then

8cos®a +4cos’a —4cosa—1=0
ie.
f(cosa) =0
(3) f(x) =823 + 42 — 4z — 1,
f(z) = 2422 + 8z — 4 = 4(62° + 22 — 1)
When f/(z) =0,
I RV

62 + 2z —1=0, then x

6
f(0) = —1 and f(1) = 7, we have the variation table of f in the interval
0<zx<1as
—1 \ﬁ
0 = 1

/() - 0 +
f(z) | =1 ¢ (minimum) ~* 7




Since

R R

Then we can write our variation table of f as

x 0 7_1Jg‘ﬁ @ 1
f'(z) — 0 + + +
f(z) | =1 \, (minimum) ~ V4+2 & 7

From this table we can say that in the interval 0 < z < 1, the equation f(x) = 0

1+V7

has only one real solution, which is larger than — and smaller than -

As
™ Tm 6w 27
37921 21 7 “
T
cos 3 < cosa
Then

3
\2[<cosa<1

It means that = = cos « is not a real solution of f(x) = 0.
Since z = cos « is a solution of f(z) =0,
cos @ must be an irrational number.
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1
Let t be a positive real number and given that two points P(0,t) and Q(;, 0)

in the plane. When 1 <t < 2, draw the region where the segment PQ may
pass.

The equation of the segment PQ is
y=—t’z+t (x>0, y>0)
We consider this equation as a quadratic equation for ¢,
ot —t+y=0 ()

The coordinates (x,y) in the region, where the segment PQ may pass, are satisfy
the condition such that the quadratic equation (*) has at least one real root in the
interval 1 < ¢ < 2.

i) When z = 0, the equation is —t + y = 0.
Then 1 <y < 2.

ii) When z # 0,
let f(t) = at? —t +y.
1 1

) =olt— 5P = -+

ii) - (a) Condition for the eqution (*) has two real roots and one of the roots is in
the interval 1 < ¢ < 2 and other root is outside of this interval (or both 1 and 2
are the roots of (*))

(x—1+y)(dz—2+1) <0

(y>—-2+4+1 and y<—-4x+2) or (y<—-x+1 and y>—4z+2)



WD =

Wl - = = =
N[

ii)-(b) Condition for the eqution (*) has two real roots and both roots are in

the interval 1 <t < 2,
. Lt
1\l/ 2

(%7 _ﬁ +y)

1 1
1) > d 2) > d 1<—<2 d —— <
f(1)>0 and f(2)>0 an <oz S an 4$+y_0
1 1 1
y>-x+1 and y>—-4r+2 and - <zx<- and y< —
4 2 4x

—_

SN




Hence the required region is the shaded part of the diagram below.
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1
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Given that f(x) = log(x + 1) + 1.

(1) Show that the equation f(z) = z has one and only one solution for = > 0.

(2) Let a be the unique solution of (1). Show that
a— f(z)

a—T

0<

< f'(x)
if a real number z satisfies 0 < z < «.
(3) The sequence {zy,} is defined by
331:1, xn—l-l:f(xn) (nzla 27 37)

Show that, for any natural number n,

1
a— Tpt1 < i(a — Tp)

(4) Show that lim z, =«
n—oo

- J
(1) Let g(z) = f(z) —x=log(x +1)+1—=z.

iy 1 L,

g(x)—x+1 1= z+1

Then, for z > 0, ¢’(x) < 0.
g(z) is strictly decreasing for = > 0.

Since g(0) =logl+1—0=1> 0 and
1 1) 1
(M%_l)

. - im (—x)

T—r00

lim g(z) = li_>m (log(z+1)+1—2) = lim =

T—00 T—00

—o0 <0

Then g(x) = 0 has only one solution for x > 0.
Hence f(z) = x has only one solution for = > 0.

(2) f(x)=logz+1)+1

1
/ j—
f(x)—7$+1 >0 forz>0
Then f(x) is strictly increasing for « > 0.
Therefore a — f(z) = f(a) — f(x) >0for 0 <z < a.
And o — x > 0, hence
a— f(x)

a—xT

0<



According to the mean value theorem, there exists ¢ such that * < ¢ < o and

fla) = f(x)

Y
V20 g
On the other hand,
1
7 _
L P VER
Then f’(x) is strictly decreasing.
Therefore f'(c) < f/(z) for 0 < x < ¢ < .
Then
f(a) B f(.l‘) o !
MO =10 _ pey < g/
And f(a) = «, hence
o — f(.l‘) < f/(l’)
a—x
Then we proved that
0< Lf(x) < f/(.’E)
a—x

First we shall prove, by induction, that 1 < z,, < « for any positive integer n.

We have proved that g(z) = f(x) — x is strictly decreasing for x > 0 in
the part of (1).

g1)=f(1)—1=1log(2)+1—-1=1log2>0 and g(a)=0

Then 1 < a.
Therefore 1 < z;1 =1 < a.

Suppose that 1 < z, < a,
Tni1 = f(xy) =log(z, + 1)+ 1
Since 1 < z,, < «,
log(1+1) +1<log(xp+1)+1<logla+1)+1

1<log2+1< (o +1)+1<logla+1l)+1=a

Hence 1 < zp41 < a.
Therefore we have proved that, for all positive integers n, 1 < x,, < a.

Then from the part of (2),
o — f(zn)

o — Ty

< f'(zn)

0<



0<a— f(zn) < f(zn)(a—z)

0<a—ape1 < f(zn)(a—z)
1
Since f'(z) = P <

for x>1,

DO | =

0<a—zp1 < fl(zn)(a—1z,) < %(a — Ty)

1
Le. a —xpq1 < i(a — Tp).

(4) From the result of the part (3),

1 1\2 1\n—1
O<a—mn<f(a—xn,1)<( )(a—zn,2)<~-<( ) (v — 1)

2 2 2

Then
. . 1\n—-1
0< Jim (0 —) < Jim (5)" (e —an) =0
nh_}n;o(a —2p) =0

Hence

lim z, = «
n—oo
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Let C be the curve, which is defined by the parametric equations:
r=clcost+e”, y=e'sint (0<t<m)

Find the area of the region surrounded by the curve C and the x-axis.

The curve Cp, defined by

x = e cost, y=e'sint

is obtained by translating the curve C' through —e™ units parallel to the x-axis.

r=22+y2 = Ve cos2t + eXsint = \/e2t(cos2t+sin2 t) = Ve2t = ¢

Then the polar equation of the curve Cy can be written as

r=eél (0<6<m)

Co C

—e™ 0'1 1+e"

The required region and the region surrounded by Cy and the z-axis are con-
gruent.

Hence the area of the region surrounded by the curve C' and the z-axis is

1 7T
(Area of the region) = 5 / r2d
0



