5 Sequeces and Series

5.1 Sequences

A sequence is a set of numbers occurring in order as:

1, 3,5, 7, --- the sequence of odd numbers
1, 4,9, 16, --- the sequence of perfect squares
1, 1,2, 3,5,8, 13, --- the Fibonacci sequence

A sequence are often represented by ordered letters like:
Ay, A2, A3, ***, Qp, "

Such sequence is written as {a,}.

ay is called the first term of the sequence, as is the second term, ...

the n-th term.
For example the sequence of odd numbers,

ag=10a=3,---,a,=2n—-1, ---

then the sequence of odd numbers is {2n — 1}

and a,, is

Example 1

Find the first four terms of the sequence whose n-th term is fiven by

1
an = 6n(n +1)(2n+1)

Answer

Put n =1, 2, 3 and 4 respectively into the expression for a,,,

al—%-l-(1+1)(2-1+1):1
1
az=¢-2-(2+1)2-24+1) =5
a5 =5 3 (3412 3+1)=14
a4=é-4~(4+1)(2-4—|—1)=30



Example 2

Find the n-th term of the sequence

-1, 2, =3, 4, -

Answer

For changing from positive to negative alternatively, we use powers of —1:
(_1)1 = _17 (_1)2 = +1a (_1)3 = _15 (_1)4 = +17 T
Then the n-th term of our sequence is

an =(—1)"n

Recurence relation:

Sometimes the rule for defining a sequence is given in the form of a recurrence
relation.
For example considering the Fibonacci sequence {ay, }:

1,1,2, 3,5, 8,13, -

which is given as:

ay =1

as =1

a3 =2 =a1 +as
as =3 =ag + as
as =5 =asz+ ay
ag =8 = a4 + as
a7 =13 =a4+as

So we have its recurrence relation:
Ap4+2 = Qp + Ap+1
Then this Fibonacci sequence is defined by

ar=1, az=1 and J[apt2 = an+ any1



5.2 Summation
A summation is an addition of the terms of sequence:
14+34+56+74+--- is a summation of odd numbers

For describing a summation we often use the sigma notation:
5
E ar = a1 + a2 +az + aq + as
k=1

The k is a dummy variable, and you can change to another letter.

5

5 5
Zak :Zai :Za,«(z a1+a2+a3+a4+a5)
k=1 =1

r=1

The k£ =1 at the foot of the sigma indicates the term with which the summa-
tion starts, and the 5 at the top indicates the term with which the summation
finishes.

For example

4
d@Ri-1)=(2-2-1)+(2:3-1)+(2-4-1)

=2

The summation starts with ¢ = 2 and finishes with 7 = 4.

Example 3

(i) Express 1 +4 + 9+ 18 + 25 + 36 + 49 using sigma sign.

5
(i) Evaluate » k(k+1)

k=0

Answer

(i) The n-th term of the sequence 1, 4, 9, 18, 25, 36, 49 is n?.
And the summation starts with the first term and finishes with the 7th

term. Then -

1+4+9+18+25+36+49:Zk2
k=1



(i)

5
D k(k+1) =0-(0+1)+1-(1+1)+2-(2+1)
k=0
+3-34+1)+4-(441)+5-(5+1)
=0+2+6+12+20+30
=170

- Linearity of sigma notation

n

(1) zn:ak + Zbk = Z(ak + bk)
k=1 k=1

k=1

(ii) Zpak = pZak
k=1 k=1
\_




5.3 Arithmetic Progression

An arithmetic progression is a sequence such that the difference between con-
secutive terms is constant . For example

0, 5, 10, 15, -

77 4a 17 _27

are arithmetic progressions.

The difference between consecutive terms is called a common difference.
Then for the first example, the common difference is 5

For the second example, the common difference is —3.

Let {a,} be an arithmetic progression, whose first term is a; = a and the
common difference is d. Then

a, =a

a =a+d

a3 =as+d =a+2d

ag =az3+d =a+3d
Hence th n-th term of the arithmetic progression {a,} is

ap=a+ (n+1)d

- Example 4 ~

(i) Write down the first five terms of the arithmetic progression with first
term 7 and common difference —4. And write down the n-th term.

(ii) Given that an arithmetic progression {a,} by
2 1
ai :]4}, a2=§k, a3=§]€, a4:0,

a) Find the n-th term.

b) If the 20th term is equal to —16, find the value of k.
- J

Answer

(1) Let {a,} be our sequence.
al =7
as = 7T—4=3
a3 =3—-4=-1
ag = —1—-4=-5
as = -5—-4=-9
And the n-th term is

an =T+ (n—-1)-(—4)=—-4n+11



(2) (i) The arithmetic progression has the first term k and common difference

—%k. Then the n-th term is

an, :k—l—(n—l)-(—}k)

3
1 4
=——kn+ -k
373
(ii) The 20th term is
1 4 16
=—-k-204+ ck=——k
a0 3 0+ 3 3
16
——k=-16 k=3
3 )

Summation of an arithmetic progression

Now we consider about the sum of an arithmetic progression.

One day a maths teacher gave an exercise for his pupils. The exercise looks
like this:
Evaluate: 14+2+3+4+4---4+100

A young Gauss (German mathematician: 1777- 1855) found the result immedi-
ately that it was 5050.

Why could he find this result immediately?
His method is like this:

(1 + 100) x 100 = 2 = 5050

This is just a method of summation of an arithmetic progression.

Let S=14+24+3+4+---+100

Then
S =1 +2 +3 +4 +--- 4100

+) § =100 +99 +98 497 +--- +1
2§ =101 4101 4101 4101 +--- 4101

25 =101 x 100 = 10100

S = 10100 + 2 = 5050

Given that an arithmetic progression {a,}.
Let S, = a1 +as + -+ a,, then



Sn  =a1 +az +-0 Fan
+) Sn = an +an—1 +--- +ay
28, =(a1+an) xn
Hence

1
S, = in(al +ap)

~ Arithmetic progression ~
e The recurrence relation of an arithmetic progression is
apt+1 = an +d (where d is a constant, called common difference)
e The n-th terms of an arithmetic progression {a,} is
an =a+ (n—1)d

e The summation of an arithmetic progression {a, } from the first term
to the n-th term is

1
S, = in(al +ay)

~ Example 5 ~

(i) Let {a,} be an arithmetic progression, whose first term is 2 and com-
mon difference is 5.
(i) Find the 15th term and the n-th term.
(ii) Find the sum of the progression from the first term to the n-th

term.

(ii) Given that an arithmetic progression {a, }, whose 10th term is 67 and
the 20th term is 137.

(a) Find the first term and common difference.

(b) Find the n-th term.

(¢) Find the sum of the progression from the first term to the 100th
term.

o /

Answer

(i) (i) The n-th term is
an =24+5n—1)=5n—-3
Then the 15th term is
a5 =Hx15—-3=172



(ii) The sum of the progression is

n(bn —1)

1 1
Sy = 5”(‘11 +a,) = 5”(2 +(5n —3)) = D)

(ii) (a) Let the first term of the progression {a,} be a and common difference
be d. Then
ap=a+(n—1)d

Since a9 = 67 and asg = 137,

aio =a+9d :67(1)
a0 =a+19d = 137(2)

10d = 70
d=17 a=4

(b)
anp=44+7n—-1)=Tn -3

(c) The 100th term is aj90 = 7 x 100 — 3 = 697. Hence

1
5100 = 5 x 100 x (4 + 697) = 35050

Example 6

Let {a,} be an arithmetic progression, where a9 = 230, ag5 = 220.

Let S,, be the sum of the arithmetic progression {a,} from the first term
to the n-th term.

When S, acieves to its maximum, find the value of n and the maximum of
Sh.

Answer

1
Don’t do that expressing first S, = Qn(al + a,) as a quadratic function of

n, then finding its maximum ...
It is possible to solve the problem like that, but calculation is very complicated.

The common difference is negative, then the terms of sequence become smaller
and after sime term ay, terms become negative.
It means

S1< Sy <o <S> Sky1 > Sk >

Then Sj must be the maximum.

Now we start our solution.

aig =a+ 18d :230(1)
ass = a -+ 24d :220-~-(2)



(2) - (1) -
6d=-10, d=—3 and a=200

Hence the n-th term is

5 5 785
=260 — S(n—1)= -2
a 60 3(n ) 3n+ 3
Ifa, <0
5 785 785
—— — < >—=1
3n+ 3 <0, n> 3 57

That is a156 > 0, a157 = 0 and a158 < 0.

Hence the S,, achieves the maximum, when n = 156 or n = 157

785
Since a156 = -3 x 156 + 3 =3 or ajs7 =0

1 5
Sis6 = Si57 = 3 X 156 x (260 + g) = 20410



5.4 Geometric Progression

A geometric progression is a sequence such that the ratio between consecutive
terms is constant . For example

1, 3,927, -

8, —4,2, —1, -

are geometric progressions.
The ratio between consecutive terms is called a common ratio.
Then for the first example, the common ratio is 3

1
For the second example, the common ratio is —5

Let {an} be a geometric progression, whose first term is a; = a and the common
ratio is r. Then

al =a

as = ar

az = ar = ar2
a4 = asr = CL’I“S

Hence th n-th term of the geometric progression {a,} is

a, = ar™ !

Example 7

(i) Write down the first five terms of the geometric progression with first
term 3 and common —2. And write down the n-th term.

(ii) Given that a geometric progression {a,}, whose first term is 3 and
common ration is 2. Find the 10th term and the n-th term.

Answer

(i)
a1 = 3, a2:3><(—2):—67 CL3:—6X(—2):12
ag =12 x (=2) = =24, a5 = —24 x (—2) = 48
And the n-th term is
an, =3-(-2)"!
(i)
an=3-2"""1

Hence
ap=3-27 =3 x 512 =1536



Summation of a geometric progression

Given that a geometric progression {a,}, whose first term is ¢ and common
ration is 7.
Let S, =a1 +az+---+ap,

(i) If r =1,
an, = a for all n, then

Sp,=a+a+---+a=na

(ii) If r # 1,
S, =a +ar +ar? +ar® +-.. +ar"!

-) rS, = +ar +ar? +ar® +--- +ar™ ' +ar®
(1 — T)Sn =aqa _arn

Hence a "

a(l—r"
S = —-—
" 1—r
~ Geometric progression ~

e The recurrence relation of a geometric progression is

ap+t1 = apr  (where r is a constant, called common ratio)

e The n-th terms of a geometric progression {a,} is

an = ar™ !

e The summation of a geometric progression {a,} from the first term
to the n-th term is

na if r=1
Sn=y =) ey




- Example 9 ~

Find the n-th term of the following geometric progressions ,where a is the
first term and r is common ratio. And find the sum of the geometric
progression from the first term to the n-th term.

1
(1) a:Z77‘:—1

.. 1
(ii) a = -3, r=s;

- J
Answer
(i) X 1)r
ay, = Z . (_1)n—1 _ I
¢ 0= _da-nm 1o
" 1—(-1) 2 N 8
() 1 1 3
n = _3 (5)”_1 - _3 ’ 2n—1 = _2n—1
=31-(3)") _ =31 -(3)") L,
Sn = 1 = I =—6(1-—(=
1—-3 5 < (2) )
- Example 10 ~

3
(i) Let {a,} be a geometric progression, whose fifth term is 6 and the

3
eighth term is 128" Find the n-th term of this geometric progression.

(ii) Let S,, be expressed the sum of a geometric progression form the first

term to the n-th term.
Given that S,, = 24 and Ss,, = 30. Find the value of S3,,, the sum

from the first term to the 3n-th term.

J

Answer



(1) Let a be the first term and 7 be common ratio. Then

3
as = ar’ :E(l)
3
—ar’ = ...
ag =ar = o8 (2)

ar™ 3 3 3 16

— =t —=—X
art 128 T 16 128 3

-
8
1
r= ok a=3
Hence the n-th term is
1,1 3
an :3(5) = 2n—1

(2) Let a be the first term and r be common ratio.

_ a(l—7r")

S,
" 1—7r

—24...(1)
a(l—r2")

S =T
a(l —r2") . a(l—r") 30
1—7 ° 1-r 24
a(1—7"2")>< 1—r 5
1—r a(l—rm) 4
a(l—&—r”)(l—r”)>< 1—7r 5
1—r a(l—r”)iél

From (1)

Hence




5.5 Summation, Divers types of sequence

- Summation of perfect squares, cubic numbers ~

n

1
i k=1+2+3+---+n==-n(n+1
CDY Sl +1)

n
1
(ii) ZkQ:12+22+32+~-~+n2=6n(n+1)(2n+1)

n 2

1

(iii) § B=124+224+3+...4nd= (n(n+1))
k=1

N J

Proof

(i) The sum of arithmetic progression, whose first term is 1 and the n-th term

is n, then
14+n)n 1
Sp = % = 5n(n—|—1)
(i)
(k+1)3—k3 = (k> +3k*+3k+1) — k3
=3k*+3k+1
Then

n

D ((k+1)° —k%) =D (3K +3k+1)
k=1 k=1

n

D ((k+1)* = k) —32k2+32k+21

k=1
where we can find
n

D ((k+1)° — k%)

k=1

znj +(k+1)%)
k=
(

Nt +2%)+ (=22 +3%) + (= +4%) + -+ (0P + (n+1)?)
1+ (n+1)3

1
= in(n +1)

o
% Ii M:
Q.-
o>~

l=1+141+-+1=n

NE

™~
Il
—




Hence

- 1
—1+(n+1)3:32k2+3-§n(n+1)+n
k=1

3 K =((n+1)° 1)~ on(n+1) -

1
32]62 2n +3n? +n) = 2n(n+1)(2n+1)

Therefore .
Z n(n+1)(2n+1)
(iii)
(E+1)*—k* = (k* + 4k + 6k> + 4k + 1) — k*
=4k3 +6k2 + 4k + 1
Then . N
D ((k+1)* — kY = (4k* + 6k + 4k + 1)
k=1 k=1
Hence

n

4Zn:k3 S ((k+1)* = 6Zk2 4Zk 21
k=1 k=1

k=1

(n+1)*=1)—nn+1)2n+1)—2nn+1) —

4%1&”
k=1

= (n* —|—4n +6n? +4n) —n(n+1)(2n+ 1) — 2n(n
=nn3+4n2+6n+4)—(n+1)2n+1) - 2(n+1) -

=n(n®+2n% +n)
n?(n?+2n+1)
n?(n+1)>2

i k= inz(n +1)% = (;n(n + 1))

k=1

Therefore

+1)—n

- Example 11

term.

(1) 12, 32, 52, 72,

(2) 1-2-3,3-4-5,5-6-7, -
NG

Find the sum of the following sequences, from the first term to the n-th

~

Answer



(1) The n-th term of the sequence is (2n — 1)2. Then the sum is

n n

S @k—1)? =) (4k* -4k +1)
k=1 k:1n n n
=4) K2 —4) k+ ) 1
k=1 k=1

4 (én(n + f)z(;n + 1)) 4 (;n(n + 1)) tn

= @m 1) 1) 6+ 1) +3)

= —n(4n? — 1)
= gn(2n +1)(2n—-1)

(2) The n-th term of the sequence is (2n — 1) - 2n - (2n + 1). Then the sum is

n

> (2k — 1)2k(2k + 1)

k=1 .

= (8K — 2k)

=,
=8> K -2) k

=1 k=1
= 81712(71 +1)2 - 2§n(n +1)
=2n%(n+1)? —n(n+1)
=n(n+1)2n(n+1)—1)
=n(n+1)(2n%+2n —1)
- Example 12 ~

Find the sum of the following sequences.
= 1
OB~y
= k(k+1)
1

(i) ]; R+ )k +2)
NG J

Answer




k=1 k=1
R e
1
- ;n+1
:n—i-l
ii) Since
) 1 1 1 1
k(k+1)(k+2)_2<k(k+1)_(k+1)(k+2))
n 1
= k(k+1)(k +2)
"1 1 1
:;2(k(k+l)_(kz+1)(k+2)>
1 1 1 1 1 1 1
:2<(m_m)+(m_m)+(m_m)
o I 1 )>
+ it (mt )12
it
_2<1-2 (n+1)(n+2))
(n+1)(n+2)-2
o 4(n+1D(n+2)
B n(n+3)
4n+1)(n+2)
- Sequence of differences ~

Let {ay} be a sequence. From this sequence we have a new sequence defined
by
bn = Qp4+1 — Qp

Such sequence {b,} is called the sequence of differences of the sequence

{an}
N J

For example a sequence of differences {b,} of an arithmetic progression a,, =
2n — 1 is a constant sequence

b, =2 for all n

Generally we can find the n-th term of the sequence {a,} using its sequence of
differences {b, }:



as =ai +b;
as :a2+b2 = ai :(b1+b2)
aq :a3+b3 :a1+(b1+b2+b3)
Then
an:a1+(b1+b2+b3+~--+bn,1) (fOI“nZQ)

Or we can write down as

an:a1+2bk (for n > 2)

Example 13

Find the n-th term of the following sequences.
(i) 2, 7, 18, 35, 58, 87, ---
(ii) 6, 8, 18, 42, 86, 156, 258, ---

Answer

(1) The sequence of differences {b,} is
5, 11, 17, 23, 29, ---

Then {b,} is an arithmetic progression with the first term is 5 and common
difference is 6. Then
bp=5+6(n—1)=6n-1

Hence our sequence {a,} is
ayp = 2

and when n > 2

n—1

an =a1+ Z bk
k=1
n—1
=2+ (6k—1)
k=1

—og (6(;(n—1)n)—(n—1)>
=2+ (3n? —4n+1)
=3n%>—-4n+3

This expression includes the result a; = 2
Hence
ap=3n—4n+3



(2) The sequence of differences {b,} is
2. 10, 24, 44, 70, 102, - --
The sequence of differences {c,} of {b,} is
8, 14, 20, 26, 32, -- -

The sequence {c,} is an arithmetic progression with the first term 8 and
common differnce 6.

cn=84+6(n—1)=6n+2

Then the sequence {b,} is
by =2

And when n > 2

n—1
by =bi+ >

k=1

n—1

=2+ (6k+2)

k=1
—og <6(;(n —1)n) +2(n — 1)>
=2+ (3n?—n-2)

=3n%2—n

This expression includes the result b, = 2
Then
b =3n%—n

The sequence {a,} is

a; = 6
When n > 2,
n—1
a, =ai+ Z br

k=1

n—1

=6+ Y (3k*—k)
k=1 1
6+ (3 é(n - Dn@2n-1)+1)) — z(n— 1)n)

=6+n(n—1)2
=n®—2%+n+6

This expression includes the result a; = 6
Then
an =nd—2n24+n+6



- Example 14

n
Given that a sequence {a,}. Let S,, = Z ag.
k=1
Find the n-th term a,, of the sequences which satisfy the following condition.

(1) S, =n?-2n

(2) S, =3n*+1

.
Answer
Ifn>2,
Sn = a1 +az +az +--- tan_1 tap
_) Sn—l = a1 —+ay —+az +--- +ap_1
Sn - Snfl = An
Then

ay —Sl
an = Sp —Sn—1 (TLZQ)
(1) a1251:1272'1:71

When n > 2,
an = Sn - Snfl
=(n?-2n) —((n—1)* = 2(n—1))
= (n?—2n) — (n®> —4n +3)
=2n—3
This expression includes the result aq; = —1
Hence
a, =2n—3

(2) ay=5=3-124+1=4
When n > 2,
an, = 8p —Sn_1
=Bn?+1)-B(n-172+1)
= (3n2+1) — (3n? — 6n +4)
=6n—3

When you put n = 1 in this expression a; = 3, not 4.

Hence
4 (when n =1)
an =
' 6n—3 (whenn > 2)



5.6 Recurrence Relation

In this section we shall see how to find then-th term of a sequence from its
recurrence relations.

® ani1 =an+d

The sequence {a,} is an arithmetic progression with common difference

d.
Then
ap=a+(n—1)d
® Apt1 = Tan

The sequence {a,} is a geometric progression with common ratio r.

Then

an = ar™ !

® Ant1 = an + by

The sequence {b,} is the sequence of differences of {a, }.
Then

n—1
an:al—i—Zbk (for n > 2)
k=1

For these three type we can find direct the n-th term of the sequence.

- Example 15 ~

Find the n-th term of the following sequences, which are given in the re-
currence relation.

(1) a; = 3, Ap4+1 = Qp — 5
.. 1
(ii) a1 = =2, n+1 = 50n
(iii) ay =1, Gpt1 = ap +2n—1
\_ /
Answer

(i) Since an4+1 = a, — 5, the sequence {a,} is an arithmetic progression with
common difference —5.
Hence
an =3+ (=5)(n—1)=—-bn+8



(ii) Since any1 = —an, the sequence {a,} is a geometric progression with

2
1
common ratio ok
Hence 1 9 1
n:_2'7n_1__ _
a ( ) (2) gn—1 Qn—2

(iii) Since an4+1 = an+2n—1, the sequence {2n—1} is the sequence of differnces
of {a,}. Hence when n > 2,

n—1
an, =a —l—Z(Zk:— 1)
k=1

1
:1—|—(2-§(n—1)n—(n—1))
=n?—2n+2
This expression includes the value a; = 1.

Hence
a, = n®>—2n+2



Ani1 = pan +q

For recurrence relation a,+1 = pa, + q,
we solve the equation a = pa + ¢ for finding a value of a.
Then we have the relation

apy1 —a =pla, — )

It means the sequence {a,, — a} is a geometric progression.

Example 16

Find the n-th term of the sequence,which is given in the recurrence
relation:
a; = 2, any1 = 2an, + 1

Answer

Solve the equation @« =2a+1, o= -1
Then the recurrence relation is written as

an+1 + 1= 2(an + 1)
Then {a, + 1} is a geometric progression with common ratio 2.
an+1=(ay+1)-2"7!

an—|-1=(2—|—1)-2"*1
a, =3-2""1-1



° an+1 = pan + q"

Dividing by ¢"*!,

an4+1  Pan q
anrl qn+1 qn+1

O N Y 1
gt 5((7‘) "

Put b, = a—Z, we have
q
1
bn+1 - an + -
q q

Then it becomes the former type of recurrence relation.

Example 17

Find the n-th term of the sequence,which is given in the recurrence

relation:

a; = 2, Ung1 = 2a, + 3771
Answer
Un41 = 2ay + 3n—1
Dividing by 37+1,
Gnt1 2a,, 3n—1

3n+1 - 3n+1 3n+1

An+1 2 anp 1

31 3500 15
2 1 1
Solve the eqution @ = —a + 9’ o= 3

Then the relation is expressed as

Gn+1 1 2fa, 1
3+l 3 3\3" 3
a, 1, . . . . .
{37 — g} is a geometric progression with common ratio 3
Then

al — 1 — ﬂ _ 1 (g)n—l
3» 3 \31 3/)'3

a,  2"'2-1) 1

3"7, 371, 3
ap = 2n71 4 37171



® any1 = pa, + (cn 4+ d)

Substruction.

An+2 — Qn41 = (pan+1 + (C(n + 1) + d)) — (pan + (Cn + d))
= p(nt1 —an) +c¢

Put b, = an+1 — ay, then
bn-i—l = pbn +c

It is the former recurrence relation, and we continue to find the n-th term.

Example 18
Find the n-th term of the sequence,which is given in the recurrence
relation:
a = 2, Gn+1 = 2ap, +3n—1
Answer

Ant2 = Ant1 = (2ap11 + (3(n+1) = 1)) — (2a, + (3n — 1))
=2(ap+1 —an) +3

Put b, = an+1 — an, we have
bn—i—l =2b, +3

Solve the equation o = 2a + 3, a=-3.
Then
bp+1+3=2(b, +3)

{bn + 3} is a geometric progression with common ratio 2.
by +3=0b-2"""
by =b1 2" =3
Uny1 — ap = (a2 —ay) -2""1 =3

as=2a1+3-1—1=4+3—-1=06, then

n—1

a, =2+ (6-2"71=3) (n>2)
k=1
6(1 — 27 1)

=2+ —3(n—1)

=2-6(1-2""1)—3n+3
=6-2""1_3n—1
=3.2"—3n—1

This expression includes the value a; = 2. Hence

ap,=3-2"-3n-1



(¢27)
pan +q
If a,, # 0 for all n, take the inverse:

[ ] an+1=

1 pan+gq

1
=p+q—
An 41 79 ap

1
Put b, = —, we have
n

bn+1 =p + qbn

which is in the former recurrence relation.

Example 19
Find the n-th term of the sequence,which is given in the recurrence
relation:
a1 =2 a — _On
! ’ " 24, + 3
Answer
Qp
a =—
et 2a, +3
a1 > 0.

If a,, > 0 then a3 > 0 and 2a,, + 3 > 0, hence a,4+1 > 0. By induction we
prove that a, > 0 for all n. hence a,, # 0.

Take the inverse of the recurrence relation:

1 2 3 1
_ 20t 243~
an+1 ap, [e7%
1
Put b, = —,
" brs1 = 3by + 2
Solve the equation o = 3a + 2, a = —1. Then

bpi1 +1=3(bp +1)



{b, + 1} is a geometric progression with common ratio 3.

1
And b1 = — = .
aq 2
Therefore
by+1 =(by+1)-3"71
1
= (G +1)-3
o
)
Hence
b 37“ 3 =2
"2 2
i 3 =2
an, 2
Hence
2




® Qpt2 = PAni1 + qan

First we shall see how to transform the recurrence relation to the rela-
tion of geometric progression: A,11 = RA,

Example 20
When a,42 = pany1 + qay, is transformed in the form
Unt2 — Qapy1 = Bans1 — aay)

Find the values of o and 3.

Answer

From the expression a,19 — atnt1 = B(an+1 — aay),
we have
ant2 = (a+ B)ant1 — afay

Comparing the coefficients with the expression a,42 = pan4+1 + qan,
a+f=p, and af=—q
Then a and f are the roots of quadratic equation:
22— (a+B)r+aBf=0

2 —pr—q=0

Or
z? =pr+q

This quadrtic equation is called the auxiliary equation.

When we solve the auxiliary equation 22 = px + ¢, we can find the values
of a and .

And our expression is transformed to a2 — aa,+1 = Blant1 — aay),
The sequence {a,1+1 — aay,} is a geometric progression with common ratio

8.

Example 21

Find the n-th term of the sequence,which is given in the recurrence
relation:
a; = 1, ags = 2, Ap+2 = 2an+1 + 3an




Answer

Solve a quadratic equation 22 = 2z + 3.

22-22-3=0
(z=3)(z+1)=0
r=3 or r=—1

Then a4 = 2a,+1 + 3ay, is transformed in the form

Ap+42 — SCLn+1 = 7((1”_._1 — 3an) - (1)

Or
an+2 + apt1 = 3(ant1 + an) -+ (2)
From (1), we consider that {a,4+1 — 3a,} is a geometric progression with

common ratio —1.
Then
Ap41 — 3an = (CLQ - 3a1)(_1)n_1
= (2-3)- )(-1)""!
= (1) (3)

From (2), we consider that {a,4+1 + a,} is a geometric progression with
common ratio 3.
Then
Ani1+an = (ag+ap)3"t
= (2+1)-371
=3...(4)

apt1 + 0n = 3"
=) apt1—3a, =(-1)
da, =3"—(=1)"

Hence
a, =
" 4
- Example 22 ~
Give that a sequence whose recurrence relation is
1+a
a1 = 0, An+1 = 3_ a: (’Il > 2)

N

(i) Find the values of as, ag and ay4

(ii) From the result of (i), assume that the expression of the n-th term of

Ap,.

(iii) Prove the assumption (ii) by induction.




Answer

(i)

1+a; 140 1
Ao = = — = —
T 3+ar 3-0 3
l+as 143 3+1 1 2
aq = = = = = = —
PT3+a 3-1 9-1 2 4
l4a3 1+3 241 3
aqs = = = = -
YT 3%a; 3-L 6-1 5
(ii) From (1) we assume that
n—1
a"in+1m(*)
(iii) When n =1, (*) is true for a; = 0.
-1
Assume that (*) is true for n, that is a,, = -
n+1
Then
1+a,
an, =
+ 3—ay
1+ 2
T3 _n-1L

A+ (-1

N 3(721n+ 1)—(n—1)

2nn+ 4

n+2

Then (*) is true for n + 1.
Hence, for all n, (*) is true.



5.7 Limit of sequences, Series

5.7.1 Limit of sequences

We shall examine what happens to a sequence as n gets very large.
There are four types of behaviour that we shall see. These are

(i) sequences that tend to a real number
(ii) sequences that tend to infinity

(iii) sequences that tend to minus infinity
)

(iv) sequences that does not tend to any number nor infinities

For example:

(i) The sequence

1 11 1
a : —_— —_— ... —
n ) 2 ) 3 ) ) n )
tends to 0, as n gets very large.
We describe this as )
lim a, = lim — =0
n—oo n—oo N
an
€ e,
n
0
—€

For any positive number € > 0, there exists an integer IV, such that

la, — 0] <e forall n>N



(ii) The sequence
b, : 12,22 3% ... n? ...

tends to infinity, as n gets very large:

lim b, = lim n% = oo
n—oo n—oo

)

For any positive number M > 0, there exists an integer IV, such that
bpy>M forall n>N

(iii) The sequence
Cp: —2, —4, =6, ---, —2n, ---

tends to minus infinity, as n gets very large:

lim ¢, = lim (—2n) = —co
n— oo n—oo

Cn




For any positive number M > 0, there exists an integer IV, such that

cpn < —M forall n>N

(iv) The sequence
dp: —3,3,-3,3, -, (_1)n.3’
does not tend to any number, as n gets very large.

It oscillates between —3 and 3 eternally, and such a sequence has no limits.

dn




The sequarnce (i) is said to be convergent.

The sequence (ii), (iii) and (iv) is said to be divergent.

- Convergence of sequence

A sequence {a,} is said to be convergent to a, if and only if

For any number € > 0, there exists a positive integer N > 0, such that
|a, —al <e forall n>N

And we shall describe this as:

lim a, =a
n— o0

N

- Example 23
Find the limits:

(i) lim 2"

n— oo

(i) lim (100 — n)

n— oo

) Jim
(iv) lim (—3)"

n— oo

Answer

(1) nh_)rr0102 =00

(ii) lim (100 —n) = —oco

n—oo

(iii) lim = lim i

(iv) The sequence {(—3)"} is
3,9, —27, 81, —243, ---

Then lim (—3)" has no limit.

n—oo



The example (iii) is a type that

(nominator) — oo

(denominator) — co

For finding its limit you will divide the top and the bottom of fraction by the
largest index of n.

- Example 24 ~
Find the limit of the following expressions.
. . 23 4+4n% -5
(i) lim ———
n—oo 3n3 —n+2

m)hm<n_n“mg+®
nsoo  n2—n4+7

(i) lim (logy(4n? — 1) — logy(n? + 5n))
N y,

Answer

) 2n3 +4n2% -5
(i) lim —————
n—oo 3n3 —n 4+ 2

We will divide the top and the bottom of fraction by n?

+

S-S I
3ol

b
Since lim & = 0, lim — =0 (a, bare constants)

n—oo N n—r00 n2
iy 27040 =5 2425 9
im = e =-
n—soo 3In3 —n-+2 n—>003—%+% 3

(11) nh—{?gc n2—n+7

We will divide the top and the bottom of fraction by n?

. (n—=1)(-n?+4) . —nd4n?44n—4
lim = lim
n—oo n2-—-n+7T n—00 n2—n+7
o n4l4d—
= lim n_n

1, 7
n—oo 1_n+n2

= —




(iii) lim (logy(4n? — 1) — logy(n? + 5n))

n—oo
. 4n? —1
= lim logy ——
n

- Example 25

Find the limit of the following expressions.
(i) li_>m (Vn+1-+vn-1)
(ii) lim (v/4n2 —5n+1—2n)
n—oo
iy 1. VA3 —/n+2
(iii) lim

n—oo \/ﬁ_\/ﬁ
- J

Answer

If a sequence looks like A, — B,, and each A, and B, tends to infinity, we
cannot find the limit li_>rn (A, — By) = 00 — o0?

(i) nh—{?gc( nl= n_l)

Rationatise the nominator.

lim (Vn+1—+vn-—1)

n— o0

I vn+1l—+/n-—1
= lim

n— o0 1

fim vVn+l—yn—1 Vn+1+yvn—-1
s 1 vn+l+v/n—-1
— fim (n+1)—(n-1)

n—=ooy/n+1++/n—-1
2
= lim
n=ooy/n+1++/n—1
0




(i)

(iii)

lim (v4n? —5n+ 1 — 2n)

n—oo

VAT —Bn+1+2
— lim (VAn? —sn 41— 2n). Yo —ont  ten
n—oco Vin?2 —5n+ 1+ 2n

. (4n? — 5n + 1) — 4n?
= lim

n—oo \/4An2 —5n+ 1+ 2n
_ —=5n +1

= lim
n—=o0 \/4n2 —5n + 1+ 2n
We will divide the top and the bottom of fraction by n (= v'n?2)

We need rationailize both the top and the bottom of the fraction.
lim vn+3—+vn+2
n=oo  \/n+1—+/n
i Vi3 —vn+2 (Vnt3+vn+2)(Vn+1+n)
n—oo Vn+l—yyn (Vn+3+vVn+2)(vVn+1++/n)
(n+3) ~(n+2)(Vn+1+vn)

W (Va3 vt ((nt D) - )

— fim vn+14++/n
n—=oo \/n+3+v/n+2

We will divide the top and the bottom of fraction by 1/n

V1+E+1
= lim
N T v

_ Vi+1
:1\/T+\/T




5.7.2 Limit of Geometric Progressions
We shall see a behaviour about the sequence

n

Ay =T where r is a real number

(i) When r =2
an: 2,4, 8,16, 32, ---
tends to infinity.

lim 2" = oo
n— 00

(ii) When r =1
an : 17 17 17 17 15

tends to 1.

lim 1" =1
n—00

1
(iii) When r = 3

tends to 0.

1
(iv) When r = —3
tends to 0.

(v) When r = -1

has no limit.

(vi) When r = —2
an: —2, 4, =8, 16, —32, ---

has no limit.

Limit of Geometric Progressions

00 (r>1)
lim r" = 0 (-1<r<1)
e no limit (r<-1)




- Example 26
Find the limit.

(=3)"

(i) lim

(iii) lim (2% — 5*")

n— oo

N

Answer

0o

o o (—3)m . (=%)
(i) Jim 43 AT
)

3
el =)

)n

=

n

_5\n _5
) tim S gy D"
n—oo 47 — 3 n—oo ]l —3- (Z)n

The denominator tends to 1, but the nominator has no limit.
Then our equaence has no limit.
16
(iii) lim (2*" —5%") = lim (16" — 25") = lim 25"((==)" —1) = —o00

n— o0 n— 00 n—o00 25

Example 27

3 _ n
Find the range of x, for which the geometric progression {( x> }

4
converges.
Answer
3—a\" . -
For 1 converges, the common ratio must be:
3
1<t <
—4<3-z<4
—7<—-x<1

Hence

—-1<e<7



5.7.3 Series

Let {a,} be a sequence. We can form a new sequence as

S1 = ai

S = a1+ag

S3 = a1+a2+a3

Sp = a1t+ax+---+ay

Such sequence {s,} is called series of the sequence {a}.
The n-th term of the sequence {s,} os called a partial sum of the series.

If {s,} converges to a number s, then s is called the sum of a series {a,},
and we describe it as -

D an=s

n=1

o0
The sum of series Z a, can be calculated as

n=1

o0

E an, = lim s,
n—oo

n=1

that is, first you evaluate the partial sum of the series, next take its limit.

- Example 28 ~

Check whether the following series converge or diverge. For convergent
series, find their sum.

1 1 1 1 1

(i) (1—5)4'(5—5)4‘(5—1)
(i) 1 + 1 n 1 .
VITVE T VEe VB VBTV
1 1 1
(lll)ﬁ+ﬁ+ﬁ+...

Answer



(i) The partial sum s,

1 1 1 1 1 1
Sn —(1_§)+(§—§)+(*_Z)+ (ﬁ_
1 1
N n—+1
Then )
lim s, = lim (1 — )=

Hence the series converges and its sum is

=1 1
Z(Efan):l

n=1

(ii) The partial sum s,, is

1 1 1

S+

1

I VE  Var B T Brva T e

= (-14+V2) + (—vV2+V3) + (-3 + V4)
4+ (—vn+Vn+1)
=-1+vn+1

Then
lim s, = lim (-1++vn+1) =00

n— oo n— oo

Hence the series diverges.

(iii) The partial sum s,, is

1 . 1 1 - 1

o S13735 5.7 2n—1D)2n+1)
_L(L 1)+1 Lod oLt
) 1 3 3 5 5 7 m—1
_1 1
T2\ on+1

Then

I i 1 1 1 _ 1
’IL1—>H;O Sn = 7L1—>H;0 2 2n +1 o 2

Hence the series converges and its sum is

> (g - ) = 5
on—1 2n+1" 2

n=

1

2n+1

)



5.7.4 Geometric series

The geometric series is a series of a geometric progression.
The summation of geometric progression is

na if r=1
" 1—pn
S a(l —r) it r#£1
1—7r
Then
(i) Ifr=1
The partial sum is s, = na.
lim s, =c0 (a>0)or lim s, =—-00 (a<0)
n—oo n—r oo
Then the series diverges.
(ii) Ifr#1
a(l —r")

The partial sum is s, =

1—r
It converges if and only if —1 <r <1
Ans at this time the sum of series is

> a
g ar" = 1

—r
n=1

Geometric Series

o] a

-1l<r<l1
Za?"n_lz{l—T ( r )
n=1

divergent (r<-1,1<r)

- Example 29

Check whether the following geometric series converges or not. If it con-
verges, find its sum.

() 642+ 2+ 24
i 2o
379

(ii) 5—5vV3+15—15v3+---

N

\

Answer



1
(i) The common ratio is r = 3 which satisfies —1 < r < 1.

Hence the series converges and its sum is
o0
1
6-(= n—1 —
> 6-(3)" =12
n=1

(ii) The common ratio is —v/3 (< —1), then the series diverges.

~ Example 30

Let Cy be an inscribed circle of the square R, whose length of the side is

2a.
Let C7 be a circle, which touches to the two sides of the square R and

touches to the circle Cp.
Let Cs be a circle, which touches to the two sides of the square R and

touches to the circle C;.
Continue this, and let C, 41 be a circle which touches to the two sides of

the square R and touches to the circle C),.
(i) Express the radius of the circle C,, in terms of n.

(ii) Find the sum of the series:
Co+C1+Co+---

where C), is represent an area of a circle C,,.

7N
b

N

~

Answer



B

Cn+ 1 Cn

Let r,, be a radius of the circle C,,.

Then
AB =1, + Tt
AC =71y —Tht1

Since ZABC = 45°, AB = V2AC.
Hence
Tn + Tn+l = \/§(rn - rn+1)
(V2+ Drpyr = (V2= 1)1y,
T = 7\& _ 1r
n+1 \/§+ 1 n

Then the sequence {r,} is a geometric progression with the first term

. V2-1
ro = a and common ratio )
V2+1
_ V21
! V2 +1
(ii) The area of a circle C,, is
c, = 7TT,2L

(

-y (mm)
(
(



2

Then the series {C),} is a geometric series with first term Cy = ma® and

3—2v2

3+2v2
Since common ratio is between —1 and 1, the series converges.

common ratio

2

> Ta
Z Cn = ] _ 322
n=0 3+2v32

™a
(3+2v2)—(3—2v2)
3422
o ma
4v2
34+2v2
_ ma*(3+2v2)
= 74\/5
4+3vV2_,
= Tﬂ'a




Exercise

[1] Find the siesr five terms of the following sequences whose n-th terms are:

(i)

(ii) an = (=2)"""
)
)

a, =3n—5

(ili) ap, =(n+1)(2n+1)

nm

(iv) ap = sin Ve

[2] Evaluate:

(iii) Y r(r+1)

(iv) Z(Sr -1)

[3] (i) Given that an arithmetic progression ai, as, --+,dn, ---, which
satisfies
a1 +a3 =3, and ag+ay =27

Express a,, in terms of n.

(ii) Given that a geometric progression by, by, -+ , by, ---, which satis-
fies
b1+b3:3, and by + by =27

Express b, in terms of n.

[4] Let {a,} be an arithmetic progression, which satisfies:

aip + a1l + a2 + a1z + ayjg = 365

and
ais + a7 +ayg = —6

(i) Find a; and the common difference d.

(ii) Let S, =ay +ag + -+ + a,. Find the maximum value of S,.



[5] Find the sum
2-2n—1)44-2n—-3)/6-(2n—5)+---+2n-1

1 1 1 1
[ R R S S S B, ST BRI

[6] Given that a sequence {a,} such that
ap=1, and apy1=3a,+2 (n=1,2,3, )

(i) Express a,, in the terms of n.

(ii) Find the sum aj + az + - - - + ap, in the terms of n.

[7] Given that a sequence {a,} such that
a1 =4, and apq =4da, + 27! (r=1,2,3, )

(i) Express a,, in the terms of n.

(i) Find ) a,
r=1

[8] Let S, = a1 +azs+ -+ ap.
IfS,, = 3a,, + 2n — 1, express a,, in the terms of n.

[9] Express a,, and by, in the terms of n.

1 n
(i) (Zl:landanA,l:ﬁ n=1,2,3, )

(i) b—1 and by =2b, +3" (n=1,2 3, ---)



[10] Given that two sequences {a,} and {b,}, such that, for n > 1,

a 4a,, + b,
ntl = —F——
6
b _ —an +2b,
n+l — 6

and
ap =1, and b = -2

(i) Show that 4ay, 2 — 4ap+1 +a, =0 for n > 1.
(ii) Show that the sequence {2"a,,} is an arithmetic progrssion.

(iii) Express a,, and b, in the terms of n.

4
[11] Let ¢ be a constant such that ¢ # 3
Let {a,} be a sequence such that

ap =3, and as =17
ant2 — (B¢ —2)apt1 + (B¢ —=3)a, =0 (n>1) ()

(i) Express (*) in the form
Unt1 = Pant1 = q(ant1 — pan) (n=1)

where p and ¢ are constants to be found.

(ii) Express a,, in the terms of n.



