Vector

Example 1
. . - A -
; g 7 b
Given a regular hexagon ABCDEF and let a = AB, b = AF. a
Present the following vectors with a and b. B F
AC (2) AD
1
(1) AC o C E
(3) CD (4) CE
D

[1] Given a parallelogram ABCD, and let intersection of two diagonals be O. Let E be the
point dividing internally the segmentt AB in the ratio 1: 2, and let F' be the midpoint of
BC.

— —
Present the following vectors by AB and AD.

(1) AO (2) DO
(3) AF (4) EF

[2] Present the following z and y by @ and b.
(1) 242(x —b) =4(b—2a) —a

(2) =(b+z)+3(z — 55) =0



— Example 2

(1) Leta = (—1,2), b= (1,—2), ¢ = (4,4). Find the real numbers [, k, which satisfies
¢ =la+ kb.

(2) Find the unit vector who has the same direction as a = (3,5).

3] Let a = (—1,4), b= (3,2), ¢ = (0, —5).
Find the following vecors.
(1) —3a+4b
(2) a—2b+ 3¢
(3) 6(c —2a) —5(—3b+ a)

[4] (1) Leta = (1,1), b= (—=1,-3), ¢ = (—3,—5). Find the real numbers [, k, which satisfies
¢ =la+kb.
(2) Given a parallelogram ABCD, and let A(1,2), B(3,5), C(—4,0). Find the coordinate
of the point D.

[5] Let a = (3,1), b= (1,2), ¢ = a+ tb, where t is a real number.

(1) If ||| = /15, find the value of ¢.

(2) Find the minimal value of ||c|| and ¢ at this time.

—

[6] Given A, B, C be three points, which are not on a line. Let AB = a, AC = b. Present

the vector, by E, g, whose direction is the bisection of ZABC.



Example 3

(1) Let a = (#1,51), b = (#2,y2) and the angle between a and b be 0, then prove that
[lal|[[B]] cos & = @15 + y1yo

(2) Given two vectors a = (1,—1), b = (2,z). Find the , which satisfies the following

condition.
(1 alb (2) The angle between a (3) a | b

and b is 120°

[7] Let ||a]] = 4, ||b]| = 5 and the angle between a and b be as follows. Find the dot product
of a and b.

(1) 45° (2) 120° (3) 90° (4) 180°

[8] Find the dot product of a, b.

—

(1) a=(2,0), b=(2,1) (2) a=(1,-1), b= (3,2)
(3)a=(k+2,k—1),0=02k—4,-k+1) (4) a={p+aqq),b=(—qDp)

[9] Find the angle between a, b.
a=(1,V3), b= (2,0) (2) a=(3,7), b=
5:(7\/?7’71’\/571)75:(171) (4> (;:

[10] (1) Given |la]| =1, ||b]| =5, |[2a + b|| = 3. Find a - b.
(2) Let a = (3,7), b = (2,—5). Find the minimal value of ||a + tb|| and the value of ¢ at

this time.



Example 4

Given AABC, let D be the point dividing internally AB in the ratio 3 : 1, E be the
point dividing internally AC' in the ratio 4 : 3. And let P be the intersection of BE
and C'D, @ be the intersection of AP and BC.

(1) Present B—E)', CD by A—B>, AC.

(2) Find the ratio AP : PQ.

[11] Given AOAB and let C be the point dividing internally OA in the ratio 5 : 2, D be the
point dividing internally OB in the ratio 3 : 4 and M be the middle point of C'D.

(1) Present OM by O—A, OB.
(2) Let N be the intersection of OM and AB, find the ratio ON : OM and AN : NB.

-

[12] Given a regular pentagon ABCDE whose side’s length is 1. Let AB = a, BC =1b. Present

e
CD by a, b.

—

BC =

—

[13] Given AABC and let AB = c,
(1) Let G be the centre of gravity of AABC'. Present AG by b and c.

e
, CA=a,and let AB=¢, BC=a, CA=0.

oy

(2) Present ||A—G>H2 by a, b, c.
(3) Find the angle ZAGB, when a = V12, b=+/21, ¢ = V3.



— Example 5

[1] Find the equation of following lines.
(1) Line passing through the point (—3, 4) and parallel with the vector v = (1, —2).
(2) Line passing through two points (1,—-3), (—2,4).
(3) Line passing tthrough he point (5,—4) and perpendicular with the vector
v=(1,-2).
[2] Find the equation of the circle, whose centre is (2,0) and passes through the point
(—1,3).

[14] Find the equation of following lines.

(1) Line passing through the point (2,4) and perpendicular with n = (1, —2).

(2) The perpendicular bisector of the segment whose vertexes are (1, —3), (—2,4).

[15] Find the equation of the circle whose centre is (—2, 3) and tangent to the line x —y—1 = 0.

"

[16] Let O be the circumcentre of AABC and let OA = a, OB = b, OC = c.

(1) Let A’ be the intersection of BC' and the line which passes through the point A and
perpendicular to BC. Find the equation of the line AA’.

(2) Let H be the orthocentre of AABC. Present OH by a, b, c.



Example 6

Given a tetrahedron OABC and let D be the internally dividing point of AB in the

ratio 1 : 2, E be the internally dividing point of C'D in the ratio 3 : 5 and F' be the

internally dividing point of OF in the ratio 1 : 3. And let G be the intersection of the
—_— - — - — -

line AF and the plane OBC. Let OA =a, OB =b, OC =c.

(1) Present OFE by a, b, c.
(2) Find the ratio AG : FG.

[17] Let ZL, b, E, d be the positional vectors of each vertex of a tetrahedron ABCD. Find

the positional vector of the point which divides internally the segment between A and the

centre of gravity of the triangle ABCD in the ratio 3 : 1.

[18] Given a parallelogram ABCD and let A(1,-2,3), B(3,2,1), C(6,4,4).

(1) Find the coordinate of the point D.
(2) If E(1,y,15) is on the plane ABC, find y.

[19] Given a regular tetrahedron PABC, whose side’s length is 1, and let H be the intersection
of the line passing through A and perpendicular to PBC and to the plane PBC. Let
— - — - — -
PA=a, PB=b, PC=c.

(1) Find the dot products a-b, b-¢, c-a.

(2) Present PH by b, c.
(3) Evaluate the volume of the tetrahedron PABC.



— Example 7

[1] Find the equation of following lines.

(1) Line passing through the point (—3,4,5) and parallel to the vector v =
(1,-2,1).
(2) Line passing through two points (1, -3,7), (—2,4, —2).
[2] Find the equation of following planes.

(1) Surface passing through the point (—3,4,5) and perpendicular to the vector
v=(1,-2,1).
(2) Surface passing through three points (1,-3,7), (—=2,4,—2), (0,2,1).

[20] Find the equation of following lines.

(1) Line passing through the point (1,2,3) and parallel to the vector v= (2,3,4).
(2) Line passing through two points (0,1, 3), (1,—2,4).

[21] Find the equation of following planes.

(1) Surface passing through the point (1,2, 3) and perpendicular to the vector v = (7,6,5).
(2) Surface passing through three points (—1,2,4), (2,1,6), (=3,1,—2).




— Example 8

[1] Find the intersection point of the following line and plane,

x—1 y+1 2z+2
3 2 27

3x+2y+z2=1

[2] Find the distance between the following point and the plane.
(1,-1,2), 2x—y+2z—-1=0

[22] Find the intersection points of the following lines and the planes,

2 ~1

(1) x_+2 :y—3:y_737 2 —y+32+2=0
z+1 y—-1 242

2 = = 20 — — 1=

(2) — 3 — 2 3y + 2 0

[23] Find the distance between the folioing points and the planes.
(1) (2707_1)1 $+y—22+3:0
(2) (=1,1,-1), 3z—y+2z+1=0

[24] Find the equation of lines passing the point (1,2,3) and perpendicular with the following

planes.

(1) 22 +3y+2+1=0
(2) —x+2y—22—-3=0




Example 9

Prove the following statements.

(1) axb=—-bxa (2) ax (b+c)=(axb)+(axc)
(3) (ka) x b=k(a x b) = a x (kb) (4) (axb)yxc=(a-c)b—(bxca
(5) (axb) Laand (axb) Lb 6) (axb)2=(a-a)b-b)—(a-b)?

[25] Find the cross product a X b.

(1) a=(1,-1,1), b=(-2,3,1)

(2) a=(-1,1,2), b=(1,0,-1)
[26] Find the unit vector which is perpendicular to the both vectors a= (1,1,3), b= (—3,1,4).
[27] Given two vectors a= (1,0,-2), b= (=2,k,4). Find k, if axb=0

[28] Prove that the volume of parallelepiped whose three edges are represented by E, l_;, ¢ is

e+ (a x B)l].



Exercises

[1] Given a quadrilateral OABC. Let P be the centre of gravity of the triangle AOAB and

2]

— L — L — 5
Q@ be the centre of gravity of the triangle AOBC. Let OA = a, OB =5, OC = c.
. oL
(1) Find z if PQ = za + yb + zc

N
(2) if ZAOC = 60°, 0A = 3, OC = 2, find |[PQ||.

Given a triangle AOAB and let OA =2, OB = 3, ZAOB = 120°, and M be the midpoint
— — E)

—
of AB and N be the midpoint of AM. Let OA = a, OB =

—

N
1) Find the dot product a - b.

—

(1)
— — —
(2) Present OM and ON by a, b.
—_— —
(3) Find the dot product OM - ON.
(4)

Let ZMON = 0, evaluate cos 6.

— —
Given two vectors a = (1, z), b = (2, —1).

— = — —
(1) If @ + b and 2a — 3 b are perpendicular, find z.

- — — —
(2) If a + b and 2a — 3 b are parallel, find x.

Let ABCD be a quadrilateral such as AB J/ DC, AB = 6, CD = 4. Let M be the
midpoint of AB and N be the midpoint of AD. Let P be the point on the segment M N

— —

such as MP : PN =1:3. And let @ be the intersection of CP and AB. Let AB = a,
— —
b

D =

=

— — o

(1) Present AC and AP by a,b.

(2) Find the ratio CP : PQ.

(3) If AD =5, ZBAD = 60°, evaluate the length of CQ.
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[5] Given three vectors a= (cosa, sina, 0), b= (sina, — cosa, t), ¢ = (sina, cosa, 0),
where «, t are real numbers. Let v #+ 0 be perpendicular to a and b. Find cos 0, where 0

is the angle between v and ¢.

[6] Let A(1,0,0),B(2,1,0),C(3,4,1), and OA =
passing three points A, B, C.

, and let « be the plane

— — — —
(a) Let P(z,y,z2) be a point such that OP = ra +sb +tc. Present r, s, t using by

T,5Y,5%.
(b) When the point P is on the plane «, find the equation of z, y, z.

(¢) Given the point D(4,5,7). Find the H on the plane «, which satisfies the condition
DH L AB, DH L BC.

[7] Let a be the plane passing through three points O(0,0,0), A(1,1,0), B(1,0,1).

—
(1) Find the unit vector parallel to the plane « and perpendicular to OA.

(2) Find the centre and radius of circumscribed circle of the triangle AOAB on the plane

Q.
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